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ABSTRACT

A time domain simulation method for full nonlinear 
uid-body

interaction problem is presented. The feature of this method can

be found in the formulation of hydrodynamic pressure compu-

tation. Introducing the nonlinear acceleration potential, the ac-

celeration �eld is directly solved to compute the hydrodynamic

pressure. The 
uid-body interaction is taken into consideration in

the implicit form of the body surface boundary condition of the

acceleration potential. With this method, accuracy of hydrody-

namic pressure computation is signi�cantly improved. In order to

demonstrate the capability of this new method, large amplitude

motion of a two dimensional midship section body in a rectangle

wave basin is simulated and the conservation of volume, momen-

tum and energy are checked. The result shows that this method

has excellent accuracy even for the very large amplitude 
uid-body

interaction problem.

KEY WARDS : Numerical wave basin, Fluid body interaction,

Full nonlinear simulation, Acceleration potential, Implicit body

surface boundary condition

INTRODUCTION

The numerical treatment for full nonlinear wave simulation was

�rstly given by Longuet-Higgins in 1976 and his method is well

known as Mixed Eulerian and Lagrangian method (MEL). Deto-

nated by this break through, many simulation methods for non-

linear waves and 
uid-body interaction problems were developed

in the past two decades. But many of them for 
uid-body in-

teraction problems are not consistent from hydrodynamic point

of view, because the hydrodynamic pressure is computed using

the backward �nite di�erence of the velocity potential and conse-

quently the hydrodynamic equilibrium of forces between water and


oating bodies are not guaranteed. For consistent time-domain

simulations, it is indispensable to solve simultaneous equations of

ideal 
uid and 
oating body motions. The �rst consistent sim-

ulation method for two dimensional problem was developed by

Vinje & Brevig (1981). They decomposed the acceleration �eld

into four modes corresponding to the unit acceleration of three

body motions (heave, sway and roll) and the other accelerations

like centripetal acceleration coming from the velocity �eld, then

solved the boundary value problem corresponding to each mode.

The solutions of each mode were used with the equation of 
oat-

ing body motions to determine heave, sway and roll acceleration of

the body. Since Vinje's method solves the acceleration �eld four

times for the two dimensional problem ( seven times if applied

to three dimensional case), it is CPU time consuming. The au-

thor (Tanizawa,1990) developed a further rational method to solve

simultaneous equations in the acceleration �eld. The author intro-

duced an implicit body surface boundary condition derived from

the kinematic body surface boundary condition and the equation

of body motions, and showed that simultaneous equations of ideal


uid and 
oating body motions could be solved without decompo-

sition. Van Daalen (1993) independently came up with the same

idea. Recently, the author introduced the nonlinear acceleration

potential, extension of Prandtl's idea in the linear wing theory,

and derived the exact body surface boundary condition for the

acceleration �eld (Tanizawa,1995a,1995b). With the nonlinear ac-

celeration potential, the physical meaning to solve the acceleration

�eld can be clearly shown.

In this paper, the boundary value problem on the acceleration

potential is formulated �rst, then the formulation is extended to

multiple 
uid domains and body interaction problem. An alterna-

tive formulation for numerical methods is also given and a numer-

ical simulation method is proposed. As demonstrations , simula-

tions of two dimensional 
oating body motions with 
uid cargo is

presented and the accuracy of this method is examined.

EULER'S EQUATION OF THE IDEAL FLUID AND

THE ACCELERATION POTENTIAL

First of all, let us de�ne the nonlinear acceleration potential

from Euler's equation of the ideal 
uid. Non-dimensional Euler's

equation of the ideal 
uid ( � = g = 1 ) can be written as

a =
Dv

Dt
=

@v

@t
+ (v � r)v = �rp�rZ; (1)
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where v and a are the velocity and acceleration vectors of the


uid particle respectively. Introducing the velocity potential � ,

(1) can be written as

a =
Dr�

Dt
=

@r�

@t
+ (r� � r)r�

= r
@�

@t
+r

�
1

2
(r�)2

�
= r

 
@�

@t
+
1

2
(r�)2

!
: (2)

Here, let us de�ne the acceleration potential � as

� =
@�

@t
+
1

2
(r�)2; (3)

then 
uid acceleration is expressed as a = r� . This is an ex-

tension of Prandtl's acceleration potential to the nonlinear case.

The acceleration �eld described by this acceleration potential is

irrotational, but dose not satisfy Laplace's equation ( r2� 6= 0 )

because of the nonlinearity of the second term of the right side

of equation (3). From equations (1),(2) and (3), the acceleration

potential is written as

� = �p� Z + const: ; (4)

where the integral constant can be set to zero. Therefore physical

meaning of the acceleration potential is very clear. Despite of this

advantage, the acceleration potential has been rarely used to solve

hydrodynamic problems. One reason is that the acceleration �eld

neet not be solved in the framework of linear theory. But besides

this reason, there exist two unsolved problems. These are (1) the

body surface boundary condition of the acceleration potential is

not clearly obtained and (2) the acceleration potential is nonlin-

ear and dose not satisfy Laplace's equation. These problems are

overcome in this paper.

FORMULATION OF BOUNDARY VALUE PROBLEM

ON THE ACCELERATION FIELD

Acceleration of 
uid particle on the body surface

In order to get the kinematic body surface boundary condition,

let us �rst study the acceleration of 
uid particle sliding on the

body surface. As illustrated in Fig.1, the space �xed reference

frame O � XYZ and the body �xed reference frame o � xyz

are used. The origin of the body �xed reference frame is situated

at the center of gravity of the body and moving with translat-

ing velocity vo and angular velocity ! . The relation between

O�XYZ and o�xyz frames are described by the fundamental

vectors i; j; k . In Fig.1, P is a point �xed to the 
uid parti-

cle sliding on the body surface. Using position vectors R , Ro

and r illustrated in Fig.1, the position, velocity and acceleration

vectors of point P are expressed as

R = Ro + r (5)

v = _Ro + _r = vo + [v] + ! � r (6)

a = �Ro + �r

= ao + [a] + ! � (! � r) + 2! � [v] + _! � r; (7)

where [v] and [a] are velocity and acceleration of point P ob-

served from the fram o�xyz respectively. With these kinematic

formulae of velocity and acceleration of point P , the body surface

kinematic boundary condition for the acceleration �eld is derived

in the next section.
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Fig.1 Frame of reference

Body surface kinematic boundary condition

Similar to the kinematic boundary condition of the velocity �eld,

the kinematic boundary condition of the acceleration �eld can be

expressed as scalar product of the acceleration vector of 
uid parti-

cle and the unit normal vector of body surface at the 
uid particle

locates. That is
@�

@n
= n � r� = n � a; (8)

where n is the unit normal vector of body surface at point P .

Substituting (7) into (8) gives the following relation

@�

@n
= n � [a] + n � (ao + _! � r)

+ n � ! � (! � r) + n � 2! � [v]: (9)

This is the kinematic body surface boundary condition for the ac-

celeration �eld. Since the fourth term of the right side includes

velocity [v] , this boundary condition depends on the velocity

�eld. So, let us rewrite (9) with the velocity potential � . First,

considering (6), [v] can be written as

[v] = v � vo � ! � r = r�� vo � ! � r: (10)

Second, normal and tangential components of [a] to the body

surface can be written as

[a]n = �kn [v]2; [a]s = [ _v]s; (11)

where kn is the normal curvature of the body surface along the

path line of P . The value of [a]s in (11) is unknown, but n�[a]s
is zero because n and [a]s are orthogonal. Therefore

n � [a] = n � ([a]n + [a]s) = n � [a]n

= �kn [v]2 = �kn (r�� vo � ! � r)2: (12)

Finally with (10) and (12), the kinematic boundary condition of

the acceleration �eld reduces to

@�

@n
= �kn (r�� vo � ! � r)2

+ n � (ao + _! � r)

+ n � ! � (! � r) (13)

+ n � 2! � (r�� vo � ! � r):



Euler's equation of 3-D solid body motions

The second term of the right side of (13) includes the body

acceleration ao and _! . Therefore, the body surface boundary

condition can not be determined explicitly when the body accel-

eration is unknown. In such a case, the equation of body motions

can be used to eliminate the unknown body acceleration from (13).

The equation of 3-D solid body motions is written as

M �+ � = F ; (14)

where M is generalized inertia tensor of the body, � = (aoxi+
aoyj + aozk; _!xi+ _!yj + _!zk) generalized acceleration vector of
the body and F = (fxi + fyj + fzk; Mxi +Myj +Mzk) gen-
eralized force acting on the body. The term � is so called Gyro
moment. The components of(14) are written as2
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(15)

Now, introducing the generalized normal vector N = (nxi +

nyj + nzk; (nyz � nzy)i + (nzx � nxz)j + (nxy � nyx)k) , the

hydraulic force is given as

F f =
Z
Ss

p Nds =
Z
Ss

(��� Z) Nds: (16)

We denote here the remaining force (thrust, gravity etc.) as F g ,

then the total force acting on the body is written as

F = F f + F g =

Z
Ss

(��� Z) Nds+ F g: (17)

Equations (14) and (17) give the generalized Euler's equation of

3-D body motions coupled with 
uid motion.

M �+ � =

Z
Ss

(��� Z) Nds+ F g : (18)

Implicit body surface boundary condition

The unknown acceleration is included in the second term of the

right side of (13), and other terms can be explicitly evaluated from

the solution of velocity �eld. So, let us denote other terms as q

for simplicity

q = �kn (r�� vo � ! � r)2 + n � ! � (! � r)

+ n � 2! � (r�� vo � ! � r): (19)

With the generalized acceleration � and normal vector N , the

second term of the right side of (13) can be written in a much

simpler form

n � (ao + _! � r) = n � ao + _! � (n� r) =N ��: (20)

Then, (13) is simply written as

@�

@n
=N ��+ q: (21)

Eliminating the generalized acceleration from (18) and (21), an

implicit body surface boundary condition

@�

@n
=N M�1

Z
Ss

(��) Nds

+N M
�1

�Z
Ss

(�Z) Nds + F g � �

�
(22)

+ q

is �nally derived. This condition gives the relation between the

acceleration potential � and its 
ux @�=@n on the body surface.

Free-surface boundary condition

The free-surface boundary condition is given from (4) in the

form

�on f:s: = �Z : (23)

EXTENTION OF THE FORMULATION FOR MULTI-

PLE FLUID DOMAINS

The above formulation of the boundary value problem on the

acceleration �eld can be extended to the multiple 
uid domains

and body interaction problem. Let us consider a problem shown

in Fig.2 next. Motion of a 
oating body with 
uid tanks inside is

the target of our interest. In order to distinguish 
uid domains,

serial number � is given to the 
uid-domain as 
� and variables

of the domain are written with subscript � as ��; �� ,etc.

Fig.2 Fluid domains inside and outside of a ship

Similar to (21), the kinematic body surface boundary condition

of the domain 
� is written as

@��

@n
=N� ��+ q� ; (24)

where N� is the generalized normal unit vector of the boundary

pointing to the outside of domain 
� .

The hydraulic component of the right-hand side of (14) is given

in this case as the sum of the hydraulic force

F f =
�X

�=1

Z
S�s

p N �ds

=
�X

�=1

Z
S�s

��(��� � Z) N�ds ; (25)



where � is the number of 
uid domains and �� is the nondimen-

sional density of 
uid domain 
� . So, the generalized equation

of 3-D body motions coupled with 
uid motion inside and outside

of the body is written as

M �+ � =
�X

�=1

Z
S�s

��(��� � Z) N�ds+ F g: (26)

Eliminating the acceleration of the body from (24) and (26), an

implicit body surface boundary condition is �nally given as

@��

@n
=N�M

�1

(
�X

�=1

��

Z
S�s

��� N�ds

)

+N�M
�1

(
�X

�=1

��

Z
S�s

�Z N�ds+ F g � �

)
(27)

+ q� :

This is an extended implicit boundary condition which connects

the motion of body and the motion of 
uid inside and outside of

the body.

ALTERNATIVE FORMULATION FOR NUMERICAL

METHODS

As mentioned before, the acceleration potential � does not

satisfy Laplace's equation. So, � is not adequate for numerical

method like BEM. But (3) shows that the nonlinear part of �

can be explicitly determined from the solution of velocity �eld.

Therefore it is not necessary to solve the nonlinear part with � .

Let us subtract this part from � and put linear part as

�t =
@�

@t
= ��

1

2
(r�)2 : (28)

Now, �t satis�es Laplace's equation. Therefore, with given

boundary conditions, the boundary value problem on �t is easier

to be solved than that on � . The boundary condition for �t is

easily obtained from equations (24),(27) and (23) as follows:

� Body surface boundary condition

@��t

@n
=N� ��+ q� �

@

@n

�
1

2
(r��)

2

�
(29)

� Implicit body surface boundary condition

@��t

@n
=N�M

�1

(
�X

�=1

��

Z
S�s

���t N�ds

)
(30)

+N�M
�1

(
�X

�=1

��

Z
S�s

�
�Z �

1

2
(r��)

2

�
N�ds

)

+N�M
�1(F g � �) + q� �

@

@n

�
1

2
(r��)

2

�
:

� Free-surface boundary condition

��t = �Z �
1

2
(r��)

2 (31)

For the numerical evaluation of the term @

@n
(1
2
(r�)2) in (29)

and (30), the following formula is found accurate and useful.

@

@n

�
1

2
(r�)2)

�
=

�k(r�)2 +
@�

@n

 
�
@2�

@s2

!
+
@�

@s

@

@s

 
@�

@n

!
;

(32)

where k is the curvature of the body surface. Since the right side

of (32) can be evaluated only from the surface values, this formula

is appropriate to numerical methods like BEM.

FLOWOF THE NUMERICAL SIMULATIONMETHOD

Fig.3 shows the 
ow of the new simulation method composed of

following �ve procedures.

(1) The boundary value problem on � is solved and the velocity

�eld is determined.

(2) The boundary condition for �t is computed using the solu-

tion of the velocity �eld.

(3) The boundary value problem on �t is solved and the accel-

eration �eld is determined.

(4) Using the solution of the acceleration �eld, the pressure dis-

tribution on the body surface, the hydraulic force and the

acceleration of body are determined.

(5) Integrating the velocity and acceleration, new position and

motions of the body at the next time step are estimated.

For the renewal of free-surface, the mixed Eulerian and La-

grangian method is utilized.

S t o p

S t a r t

t = t + t

Solve the velocity field (BEM)
2 = 0 : with given B.C.

t > tstop
No

Yes

Set B.C. for acceleration field
Equation (29), (30) and (31)

Solve the acceleration field (BEM)
: with given B.C.2 = 0t

Compute pressure, hydraulic force
and acceleration of floating body

Time marching procedure (MEL)
Update shape and velocity
potential of free-surface and
the position of floating body etc.

(R
un

ge
-K

ut
ta

  O
(

t4
) )

(1)

(2)

(3)

(4)

(5)

Fig.3 Computational 
ow formulated with

the acceleration potential



This is a consistent simulation method of 
uid body interac-

tion problem. Two procedures (2) and (3) guarantee the dynamic

equilibrium of forces between body and 
uid. In other words,

the equations of 
uid and body motions can be solved simultane-

ously by procedures (2) and (3). Moreover, procedures (2) and (3)

are e�ective to reduce CPU time. For the nonlinear time domain

simulation, the boundary element matrix must be reconstructed

every time step to trace exact moving boundary, which requires

more than 50% of entire CPU time. But, since the matrix is the

function of boundary shape, we can use the same matrix for both

velocity and acceleration �elds. Therefore, increment of CPU time

by procedures (2) and (3) is not so large. On the other hand, since

no backward �nite di�erence is required to compute �t in this

method, we can use larger time step �t . As a result, CPU time

can be reduced considerably.

NUMERICAL SIMULATIONS

In order to demonstrate the capability of this simulation

method, three types of two dimensional 
uid body interaction

problems are simulated. The target of the simulation is large

amplitude transient motions of midship section body with three

di�erent loading conditions, illustrated in Fig.4 as Cal.1, Cal.2

and Cal.3. In Cal.1, solid cargo is loaded. In Cal.2, 
uid cargo

is loaded in a single tank. And in Cal.3, the same 
uid cargo

is loaded in two tanks. A incident wave is generated by a pis-

ton wavemaker attached to the left side of the tank. The motion

of the wave maker is plotted in the �gure. These problems are

nondimensionalized using the width of the 
oating body B , the

density of the 
uid outside of the body �1 and the gravitational

acceleration g as units.

L = 4.0 m

D
 =

 1
.0

 m

 m  = 36.0 kg 1 = 1000 kg/m3

2 =   800 kg/m3

Floating body Fluid

Gravity

g  = 9.8 m/s2

 i    = 2.55 kg-m2

3 =   800 kg/m3

Solid cargo

  =   800 kg/m3

B = 0.74 m

d = 0.25 m

1

solid cargo 2 2 3

Cal. 1 Cal.2 Cal.3

h = 0.25 m

0 1 2 3 4 5

Motion of the wave maker

time (sec.)

0
5

-5

cm

Fig.4 The target of the numerical simulation

Simulated instantaneous free-surface and body motions in seven

di�erent time from t = 9:27 to t = 15:45 are shown in Fig.5-

a,b,c. These three �gures show that the transient body motions

and 
uid motion inside and outside of the body are quite large in

all cases. In particular, the amplitude of the relative water level

at the weather side of the body is very large. Corresponding to

the loading condition, di�erences can be observed in the body mo-

tions.; these are plotted in Fig.6. A signi�cant di�erence can be

found between Cal.1 and Cal.2 particularly in roll motion. The


uid motion inside the body a�ects sway and roll motions strongly

in this case. On the other hand, di�erence is small between Cal.1

and Cal.3. These results show the partition between two 
uid

tanks e�ectively reduce the strong interaction.

This method solves the boundary value problem on �t . There-

fore, it is easy to compute distribution of hydrodynamic pressure

�t . A contour plot of hydrodynamic pressure is shown in Fig.7.

This plot shows the same instance of the last plot of Fig.5-b.

This simulation method also gives us the pressure time history

of any points. Fig.8 shows the pressure time history of inside and

outside of the body at the intersection of calm waterline and the

weather side of the body. When the intersection point is above

the water surface, the pressure is zero. The di�erence between the

pressure inside and outside is important for ship design. Such a

kind of information can be also computed by this method.

At the last of this section, the conservation of volume, momen-

tum and energy of 
uid are check by comparing the following

values.

� Total volume of the 
uid

Vf =
�X

�=1

Z Z

�

dv =
�X

�=1

Z
s�

Z nZ ds (33)

� Total momentum of the 
uid

P f =
�X

�=1

Z Z

�

r�� dv =
�X

�=1

Z
s�

�� n ds (34)

� Total energy of the 
uid

Ef =
�X

�=1

Z Z

�

�
Z +

1

2
(r��)

2

�
dv

=
1

2

�X
�=1

Z
s�

(
�Z2nZ + ��

@��

@n

)
ds (35)

� Impulse given from the boundary to the 
uid

I =
�X

�=1

Z
t

0

Z
s�

p n ds dt (36)

� Work done by the boundary to the 
uid

W =
�X

�=1

Z
t

0

Z
s�

p
@��

@n
ds dt (37)

It is clear from these equations that volume Vf , momentum P f

and energy Ef are computed from the solution of velocity �eld

and impulse I and work W are computed by integrating the

solution of the acceleration �eld with respect to time. So, with ac-

curate solution of both velocity and acceleration �elds, computed

Vf should be kept constant and P f and I as well as Ef and

W should balance.

Fig.9 shows the time history of P f & I and Ef & W in

Cal.2. These plots demonstrate that momentum and energy con-

servation are well satis�ed. The volume conservation error is also

negligibly small (Vf (0)� Vf(tmax))=Vf(0) � 0:016% .

CONCLUDING REMARKS This work is aimed to develop

the three dimensional full nonlinear theory on the wave body in-

teraction problem and the numerical simulation method as its ap-

plication. As the �rst step of this work, the mathematical formu-

lation of the boundary value problem of the acceleration �eld is

studied and an idea of the new time domain simulation method is

presented. Following items are main results.



1. Euler's equation of ideal 
uid motions is transformed to the

integral equation of the acceleration potential.

2. Using the kinematic formula of the acceleration of 
uid par-

ticle sliding on the body surface, the body surface boundary

condition for the acceleration potential is derived.

3. Substituting the equation of three dimensional body motions

into the body surface boundary condition, the implicit body

surface boundary condition for the acceleration potential is

derived. With this implicit boundary condition, the ideal


uid motion and the 
oating body motions can be solved

simultaneously.

4. The free-surface boundary condition is added to complete

the mathematical formulation of the boundary value prob-

lem on the acceleration potential

5. The formulation is extended to multiple 
uid domains and

body interaction problem.

6. For numerical method like BEM, the nonlinear term in the

acceleration potential � is shifted from the governing equa-

tion to the boundary conditions, then alternative boundary

value problem on �t is formulated.

7. The new full nonlinear time domain simulation method is

presented.

8. As a demonstration of this new method, two dimensional

large amplitude 
oating body motions are simulated and

the conservation laws are checked. The results show that

this method has excellent accuracy even for the large ampli-

tude fulid-body interaction problem.
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