
P-ad_JL Free Surfo~:eFlow Simulation 

In part I the fractional step method for the incompressible N avier-Stokes equa— 

tions is applied to the free surface probleim. However, for some reasons the steady 

solution cannnot be obtained. In this part, following the recomendations made in 
part I, another numerical method to solve free surface problems using a fixed grid is 
described. The numerical scheme used here is the MAC rnethod which is based on 
the basically same concept as the fractioI1Lal step method to satisfy the divergenc~­
free condition with pressure correction. Thie numerical results for the generation of 

periodic progressive wave are also shown. 

5. Numeric立lMethod 
5.1 Governin~orithm 

The governing equations are the two dimensional N avier-Stokes equations (2.1) 
and the continuity equation (2.2) for the iincompressible fllllid. 
The general curvilinear coordinates system (~, 17) is introduced to use the non-
uniform grid. This computational coordiua.tes do not fit to the free surface shape. 
The free surface configuration is determined by the nonlinear kinematic free surface 
condition. The coordinates transformation is given as follows; 

~ = ~(x, y), 17 ::z:: 17(x, y), t = t (5.1) 

The momentum equations (2.1) and the continuity equation (2.2) are trans-
formed through equation (5.1) as; 

Ut +匹＋Vun

= -（詞＋望）＋嘉（▽%）

叫＋Uv1;+ Vv,,, 

＊ 
1 

= -（切gP;+ ％叫＋ー
Re 
（▽％） 

らUe+ nェ％ ＋ ｛：汲＋n占＝ 0 

(5.2a) 

(5.2b) 

(5.3) 

where (U, V) are the unscaled contravariant velocity components and defined as 

U=らu+らv

V=加＋n砂

(5.4a) 

(5.4b) 
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and p* is modified pressure defined by equation (4.7) 

▽2 is the transformed Laplacian operator and defined邸

▽2q = (e; + e;)qu + (77; + rJ;)q.,,.,, 
+2(Gnェ＋も％）q(n
+(eェェ＋知）qe＋（叫＋％）qn 

(5.5) 

where q is arbitrary scala.r quantity．ら， ~i~ and so on appeared in equations (5.2)-
(5.5) are the metrics of the grid. It should be noted that the transformed momentum 
equations (5.2) are not in the conservative, form. 
The basic algorithm is the same as that of the MAC method [9]. The dis-
cretization is made in th(e non-staggered grid, that is, ・ all variables are defined in 
the intersections of grid lines. The present method is based on the time marching 
procedure and is divided into two stages. 
On the・ first stage, velocity is updated[ by the momentum equations (5.2). The 

forward difference is used in time. The spatial differences are the fourth-order central 
difference for the convectlton terms and foir the grid metrics terms and the second-
order central difference for the pressure g:ra<lient terms. The fourth-derivative ar-
tificial numerical dissipation terms are added to the convection terms to stabilize 
computation. The resultant finite-difference equation for equation (5.2a) is 

U • n+l ． 
9,J 

u•. 

6t”= -U,.,J· — Ui-2J -Ui+2J -8(1Ui-1,j一佑＋1,j)
12 

峨 (Ui-2,j・十 Ui+2,J―4(u←1,J＋Ui+1,j) + 6叩）

-Vi,j 
叫→ー出，j＋2-8(Ui，た1-叩＋1)

1 2 

噸 (Ui,j→ +Ui,j+2 -4(Ui,j-1 +叩＋1)+ 6叩）

＋嘉[((応＋氣）（Ui-1,j-2叩＋ Ui+l,j)

+（n恥＋ rJ;i,j)(Ui,j-1- 2叩—叫＋1)

Ui+l,j+l -Ui+l,j-1 -Ui-1,j+l + Ui-1,j-1 
+2({m,Jnm,J・十知，J如，J）-

4 

Ui+1J -Ui-1,J 
+（C:,;m,J• 十 £uyi,J·) --
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＋（ 
Ui,j+l -Ui,j-l 

叫 i,j十T/yyi,,j)
2 
］ 

＊ 
＇ 

ヽ
＊ 

-C.． Pi+1,J P←1,J 
工9,J

~ 

2 
(5.6) 

-nm,JP:J+1 ; J•恥

where superscript n + l denotes the value at (n + 1)-th step and superscripts n 
are dropped for simplicity. fJt is the time increment and {3 is the parameter that 
determines the magnitude of the artificial! dissipation. 
On the、secondstage, pressure on the next time step is computed so that the 

velocity field on the next time step may satisfy the continuity condition. By taking 
divergence of the momentum equation s (!5.2), the following Poisson equation for 
pressure is derived. 

▽2が＝ 一ら1<t-n」K"

-＜以f-n1ILT/ (5.7) 

-Dt 

where 

k = Uue+ v% --1 （▽％） 
Re 

1 
L = Uve + VV',,, --（▽％） 

Re 

D =らUe+ nェ％ ＋fyve + rJ砂n

The right-hand-side of equation (5.7) is evaluated by the values at the present time 
step. The spatial differences for J{ and L are the same as those for equation (5.6). 
The time differential appeared in the last term is expressed by the forward differ-
ence. Then D, divergence of velocity, on the next time step is set zero from the 
continuity condition, while D on the present time step which is not necessarily zero 

due to numerical error is evaluated by the second-order central difference. This can 
eliminate the accumulation of numerical error [9]. The left-hand-side of equation 
(5. 7) is evaluated by the second-order central difference and is solved iteratively by 
the Successive Over Relaxation method. 

5.2Free... Surfa.ceGonditiQns 
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In this computation, the effects of viscosity and surface tension to the free 

surface conditions are neglected for simplicity. Therefore, the free surface conditions 

consist of the following two conditions. One is the pressure condition that means 

that pressure on the free surface is equal to atmospheric one or to prescribed value. 

The other is the kinematic condition that tells the fluid particles on the free surface 

keep staying on it. Because the grid points are not on the free surface in the present 

grid system, it is not easy to satisfy the free surface conditions on the exact location 

of the free surface. 

The pressure condition is implemented in the solution process for the Poisson 

equation for pressure. To give the boundary condition at the intermediate point 

between grid points, where the free surface is located, the'irregular stars method' 

used in the SUMMAC method [12] is extended to the curvilinear coordinates system. 
The kinematic condition is used to determine the free surface shape in the time 

1narching process. The wave elevation is defined in the computational coordinates 

as 

TJ = h(~, t) (5.8) 

The kinematic condition is written as 

ht + U he -V =: 0 on TJ = h (5.9) 

equation (5.9) is transformed into the finite-difference form in the same manner as 

that for the momentum equations (5.6). Velocity (U, V) on the free surface is ex-

trapolated equally from the value at the a.djacent lower grid points. 

5.3 Other Boundary Conditions 

The periodic boundary condition is used in the horizontal, x-, direction because 

the progressive periodic waves are considered. At the bottom of the computational 

domain, pressure and velocity are set equal to the values of the adjacent inner points. 

6. Gener_a.tio_n__of Periodic Wave 

To demonstrate the applicabilty of the method, the generation of the periodic 

progressive waves is numerically simulated. The proper initial and boundary condi— 

tions to generate periodic waves are discussed in this section. 

The simplest initial condition is the still state, that is, velocity is zero and 

pressure is hydrostatic in the whole domain of computation. Alternative is to give 

an analytic solution of a pieriodic wave as the initial condition. In the latter case, the 

linear analytic solution for waves of infinitesimal amplitude is not adequate because 



the linearized free surface condition of the theory is not consistent with the fully 

nonlinear free surface condition implemented in the numerical scheme. Analytic 

solutions for waves of finite amplitude such邸 Stokestheory can be used邸 the

initial condition. The former condition, the still state, is used here for simplicity. 

One way to generate waves is the oscill,a.tion of velocity and/or pressure in the 

inflow boundary[13]. This method simulates numerically a wave maker of a flap 

or piston type in an actual experimental tank. However, this approach cannot be 

adopted when the periodic condition is used in the horizontal direction, because the 

numerical wave maker generates waves which propagate in two, positive x-and 

negative x-, directions. In c邸 ethat the periodic condition is not used in space, 

the wave propagating in the direction oppsite to the computational domain does 

not affect the solution. However, with the periodic boundary c・ondition, two waves 

propagating in the opposite directions affect each other and the solution differs from 

that for a single wave. 

The other way is to give pressure distribution on a free surface. Periodic dis-

tribution of surface_ pressure that runs witth the constant speed can generate the 

periodic progressive wave. This does not conflict with the periodic boundary condi-

tion of the scheme and is used here. 

7. Numerical Results 

7.1 C~tatio][lal Conditions 

Computational grid used is shown in Figure 9. ・ The grid is orthogonal and 

consists of straight lines, though the present scheme can cope with the general 

curvilinear grid. The number of grid points: is 51 x 51 and the computational domain 

is 

0 < X < l.02 --

-0.990668 ~ y ~ 0.2 

The grid spacing in the horizontal direction is constant and 0.02, while that in 

the vertical direction is gradually varing from 0.01, the minimum value, to 0.10564, 

the maximum. The grid points are clustered near the free :surface. The time incre-

ment 8t is set 0.002 and the parameter/3is set 0.1. 

7.2Refill謳

The pressure distribution on the free surface is given by the following equation, 
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が(x,y, t) = gy + gwa cos(kx -(Jt) {5.10) 

where (x, y) are the free surface location aiしtimet and Wais the amplitude of pressure 
oscilation defined with the dimension of water head. k is the wave number defined 
by the wave length入as

k 
21r 
＝！ 
入

and a is the angular frequency of the wa11e. In the water waves, a is related to the 

wave length by the following relationship11 

6＝厄
Here, the wave length入ofthe generated wave is set 1.02 so that the compu-

tational domain in the horizontal direction is equal to one wave length and w11 is 
set 0.002. The velocity vector maps and the pressure distribution at various time 
steps are shown in Figure 10. The periodic wave is generated well. The pressure 
distribution beneath the free surface is smoothly connected to the pressure on the 
free surface. The velocity distributions slb.ow the approximately exponential decay 
in the depthwise direction. Figure 11 shows the time history of the wave elevation 

at x = 0. The wave amplitude becomes almost steady and nearly equal to 0.02 at 
t = 8. The computed w1ave amplitude is about ten times as large as w11. Further 
investigation is required t.o explain the relation between w11 and the wave amplitude. 
The period of the computed wave is aboult 0.81 and is almost equal to that given in 
the surface pressure condition. 

8. Conclusion 

In part I, the fractional step method for incompressible fluid is presented to-
gether with some numerkal results. The extension of the method to free surface 
problems are then made. The troubles encountered in the application of the method 

to free surface flow problem are discussed and finally some recommendations for 
computaion of the free surface flow using the fractional step method are made. 
In part II, the numerical method based on the MAC method is applied to free 

surface problems. The boundary and initi,tl conditions for the generation of periodic 

progressive waves are discussed. The computational results show that the wave that 

has the pre-determined wave length and frequency can be generated by the proper 
boundary and initial conditions. 

The fractional step method has the advantage of the exact conservation of 
mass because it assures that the divergence-free condition is satisfied at each time 



step. The MAC method is simpler than the fractional method. However, the mass 

conservation is satisfied only indirectly through the Poisson equation for pressure. 

Therefore, for applications that require the strict conservation of mass the fractional 

step method is preferable, though more effQrts should be made to apply the fractional 

step method to free surface problems. 
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Appendix A 
—~ 

For the staggered grid the pressure nodes are located one-half of a grid cell 

from the boundaries. Because of this the cosine series used to represent・ the 

pressure must be manipulated before £邸ttransforms m.ay be used. A cosine 

series for the variable </> with N points is 

N-1 
¢ ^ 

1rl,.. 1 
，•=区如OS-（t+ -） 
l=O 
N'. 2 

i = 0, 1,..., N -l (A.1) 

Multiplying (A. l) by cos(1r『(i+ 1 /2) / N) and summing over i gives 

N-1Tl'1  

区令cos(--（2・十一）） ＝ 
i=O 

N 2 

N-1 N-1 

ここ^
Tl 1 Tl'l 

如os(-（i+ -））cos(-（i + -）） 
i=O l=O 

N 2 N 2 

N-11  N-1 

心的区［
T 1 
cos-

l=O - i=O 
N 
(l + l'）（叶ー）

2 

T 1 
+cos-;;(l -l')(i・＋ー）］
N 2 

(A.2) 

To simplify this make use of the fact that the following quantity 

N-1 

こ
T （．． 1 cos—t + -）j 

i=O 
N 2 

is equal to O if jヂ0and equal to N if j = 0. Therefore, for l=I=l'A.2 is zero 
and for l = l'=I=〇：

For l = l'= 0 

N-1 

N-1 

こ
i=O 

N-1 

こ
i=O 

T 1 
COS-l + l'）（i + -） ＝ 0 
・N 
（ 

2 

” COSー (l-l') (i + ~) = N 
N 2 

I: [ 
T 1 T 1 
cos+r(l + l')(i + ~) + cos+r(z ·~ l')(i + :~)] = 2N 
N 2 N 2 

i=O 

thus 
^ 2 N-1Tl.1  
¢l=―こ如OS-（t+-） 
N 
i=O 
N 2 
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l = 0, 2,... N -1 (A.3) 

with a factor of 1/2 multiplying the coefficient for砂。． Equation(A.3) can be 
rewritten as 

2 N-1 
加＝区¢[

祁 1rl 祁 1rl
- i cos—cos— -sin―sinー］＝ 
N i=O N 2N N 2N 

2 N-1 

N 
(E¢ 

咋 1rl 2'"""""'.. 1rli,. 1rl 
,cos一）cos—--（こ如inー）sin―

i=O N 2N N N 2N 

Next consider the Fourier transform of the sequence of length 2N 

平 1
¢i=E 加ei務li
. l=—竿

i = 0, 1,..., 2N -1 
1 2N-1 

祈＝一 区如―i務li
2N i=：0 

2N.  2N 
l = -—... 0.... —- 1 2,..., -,... 2 

By choosing ¢i = 0 for i = N, N + 1,..., 2N -1 (A.5) becomes 

N-1 

ぷ＝上-
2N 
〉...J如―i乎
i==0 

l = -N,..., 0,..., N -1 
or 

~ 1 N-1?rl2• N-1 韮

¢l ＝一［（こ如OS—)-i（区かsinー）］
2N. 
1=0 N i=O 

l = -N,..., 0,..., N -l 
Comparing A.6 and A.4 gives 

N 

^ 2 Tl 
術＝ー[Re（初cos--＋Im（ぷ）sin旦］
N 2N 2N 

l = 0, 1,..., N -1 

(A.4) 

(A.5) 

(A.6) 

(A.7) 

Equation (A. 7) gives the coefficients of the cosine series for the staggered grid. 
Similar manipulations are necessary for computing the function </>i from the 
coefficients初． Thebackward transform is given by: 

N-1 

¢i=E  

^ T [1  
知 sー (i+ i) 

l=O 
N 2 
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i = O, 1,... :i N -l (A.8) 

Define the variable, </>i * as 

N-1 

ぶ＝こ如咽＋½)
l=O 

N-1 

＝区ぶ
Tl.1N-1 Tl 1 

lCOS-（2 + -） ＋i区如in-（i+-） 
l=O N 2 l=O N 2 

i = O, 1,... :i N -l 

Thus <Pi= Re（紅）
From (A.9) 

(A.9) 

N-1 

紅＝こ如囁l(i+½)
l=-N 

N-1 1rl. ~ _. 1rl 
） 
“2”l. = }:（如OS—＋碕＋ lsin― e叩

l=-N 
2N 2N 

i = o, 1,... II N -l 

if ＾ ¢1 =0 
for 

l=-N,...,-l 

Thus, 
． 

to summarize: 

[ 1] Given a set of砂1(real), l = 0, 1,... N -l 
[ 2] Extend the sequence砂1to 2N,ぶl＝ 0 for l < O 
[ 3] Calculateふ＝如OS蒜＋面sin器
[ 4] Backward transform紅l= -N,...., 0,..., N -l to obtain紅
[ 5]'Pi will be the real part of討・

(255) 
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Table 1 : Maximun error in the u velocity 

component after 30 steps. 

Error 

2い21|6．四ーX町
41 x 41 I 1.7588 x 10-5 

Table 2 : Stream function and vorticity at center of primary vortex for different 

Reynolds numbers. 

Present Kim and Moin [3] Schreiber and Keller [8] 
Re ゅ，（w) ゅ，（w) ゅ，（w)

grid points grid points grid points 

1 -0.100, (-3.217) -0.099, (-3.316) -0.100, (-3.232) 
65 X 65 65 X 65 121 X 121 

400 -0.112, (-2.257) -0.112, (-2.260) -0.113,（ー2.281)
65 X 65 65 X 65 141 X 141 

1000 -0.116, (-2.030) -0.116, (-2.026) -0.116, (-2.026) 
97 X 97 97 X 97 141 X 141 

4000 -0.112, (-1.804) -0.114, {-1.879) -0.112, (-1.805) 
97 X 97 97 X 97 161 X 161 

Vi,j+i/2 

゜0Pi,i 
叫＋1/2,j

゜
叫＋1/2,1

Vi,j-1/2 →X -→←叫1/2,0

Fig. 1 Staggered grid in two dimensions. Fig. 2 Staggered grid near boundaries. 
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(a) (b) 

Fig. 3 Streamlines from cavity flow. (a) Re= l, (b) Re= 400, (c) Re= 1000, 

(d) Re= 4000. 
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(c) (d) 

Fig. 4 Contours of constant vorticity from cavity flow. (a) Re= l, (b) Re= 400, 

(c) Re= 1000, (d) Re=4000. 
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solid line (a) 
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゜-1 
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゜
lu -

1
 ゚ ゜Fig. 5 Streamwise velocity profile at cav-

ity midplane for Re= l. (a) 21 X 21, 

(b) 31 X 31. 

Fig. 7 Streamwise velocity profiles at cav-

ity midplane for (a) Re= l, (b) Re= 

400, (c) Re= 1000, (d) Re= 4000. 

ーy 

solid line (a) 

ロ (b)
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Fig. 8 Geometry of free surface flow. 

Fig. 6 Streamwise velocity profile at cav-

ity midplane for Re= l, 31 x 31. (a) 

uniform grid, (b) non-uniform grid. 
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Fig. 10a Velocity vectors and pressure contours on various time steps. 
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x=O. 
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