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Chapter 3 

Formulation of second 
order forces due to 
Volterra functional series 
and Application of 
Wiener's filter theory 

3.1. Relationship between Volterra functional 
series and second order force system 

Let和）denotethe nonline匹 totalsecond order force vector of a:floating struc-
ture to a random excitation { ((t) I t E: R}. Since F(t) is the response vector 
to the entire time history of ((t), we c叫 F(t)a functional vector de:fined on a 
class of excitation ((t) as 

和）＝鈍(t)] (3.1) 

If F[((t)] is a continuous functional vector of ((t) in the function space sense, 
then即） canbe expanded in a functional vector power series such that 

和）＝凡＋Jふ(tふ）伽）dt1+ ・ ・ ・ 
+ f ···J凡(t,t1,··•,tぷ(t1) ・・・ ((tn)dt1・・・dtn十・・・

(3.2) 



If this series represents a causal physical[ system, then the kernel function vectors 
satisfy 

凡(t,t1 ，・・ •,tn) = 0 も＞t . (3.3) 

Series satisfying this property were studied by Volterra1>, and series of the form 
(3.1) that satisfy Eq.(3.3) are called Volterra functional vector series. 
If the nonlinear system is time imrariant, then kernel function vectors in 
Eq.(3.2) depend only on time difference. Thus, 

印）＝凡＋／尻(r)((t-r)dr +… 

+ ff的（巧心）＜I（t-町)((t-t2)d団＋・・・
(3.4) 

where凡isa constant vector. In genercw., the kernel function vectors in: Eq.(3A) 
may not be symmetric for their arguments. However, a permutation of indices 
in any kernel vectors only affects the order in which the integration is carried out 
but does not affect the response. Thus, for the purpose of analysis, symmetric 
kernel vector may be assumed without loss of generality; i.e. 

） 
1 

品(T1,乃，・・・，な ＝一区『土1,・・・，叫
n! 
[i) 

(3.5) 

If the kernels are continuous and ab:solutely integrable and if the input is 
bounded and the contribution from terrns of order n in Eq.(3.4) decreases to 
zero as n→ oo,,then it can be proved that the fun:tional powe~ series {3.4) 
converge uniformly. 
We shall limit our analysis to ~xcHation effects through second _order and 
F。=0.Then Eq.(3.4) is truncated at n=2 and takes the following form: 

和）＝／g{(r)((t-r)dr + j j弱(-r1,r2)((t -r1)((t -r2)d町伍 (3.6) 
And we will treat the vector functiou as the scalar function hereinafter for 
simplicity. If ((t) is a wave excitation, this series can be used to analyze the 
response that is proportional to both the wave height and the squared wave 
height. There exist the time and spa)tial dependencies in the incident wave 
system. But since the wave system have a dispersivity, it is not necessary 
to consider the spatial dependency as indicated by Hasselmann2>. It may 
also be mentioned that the adopted formulation is consistent with second order 
corrections to a linear wave field, in. the sense that such corrections may be 
incorporated in Eq.(3.6) where ((t) then denotes the linear part of the wave 
field. Consequently, the assumption that ((t) is a linear, Gaussian wave process 
is consistent with the second order model in Eq.(3.6). If the kernels in Eq.(3.6) 
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are continuous and absolutely integrable, then the kernels possess the Fourier 
transform. The transform pairs are de:fimed邸 follows:

g{（t) ＝士f屈 (w)exp(iwr)d1w 

G{ (w) = J wn{ (r) exp(-iwr)dr 

g{（T臼）＝古fw1fw2叫（W1,W,2）exp{i(w1r1 + w2r2)}dw1dw2 
(3.7) 

喝（W1心）＝Jn 1r嘉(r1,r2) exp{-i(w1 r1 + w匹）｝dr1d乃
In Eq.(3. 7) the kernel n{ is a linear impulse response function, and its transform, 
G!. is a li f. is analogous to the linear impulse f, is a linear transfer function. The ke1mel g~ is analogous to the li 
response function and is called "quadratic impulse response function". Its trans-
f f form, G~, is called "quadratic trans/ er /'unction". Since the kernel g~ (r1,乃） can

be assumed to be symmetrical in its ar邸ments;i.e. 

吟(n,T2)：：：：：：g{（乃，r1) (3.8) 

thus 

喝（四心）＝Gt(w2泡 1) (3.9) 

Consequently, the quadratic transfer function is symmetrical about the line 
叫＝w2in the (w1心） plane.
If ((t) is a Gaussian random wave with one-sided spectrum U, Rice3> has 
shown that it is represented in the following stochastic integral: 

((t) = j cos(wt -μ(w)）麿 (3.10) 

whereμ is a random phase distributed uniformly over 0° to 360°. This represen-
tation means the stochastic integral, and it converges in the sense of stochastic 
quadratic mean. ・ 
Substituting (3.10) into (3.6) we h.ave: 

砂 (t)= j cos(wt -μ(w) + 01(w))/21 G{(w) 12 U(w)dw (3.11) 

砂 (t) = j j cos{(w1 + w2)t,_ (μ(w1) + μ(w2))＋如1心）｝

x ✓|G如， w2) 12 U(wi)U（吟）dw1dw2

+ j j cos{(w1 -w2)t、一(μ（叫）一μ（ウ）） ＋％（町，—叫｝

XJ|G如，ーw2)12 lf(w1)U伍）dw1dw2 (3.12) 



where 
G{(w) =I G{(w) I exp（迅（w))
喝(w1,w2) =I G~(w1:, w2) I exp{i0(w1心）｝

It is clear that the first term on right hand side of (3.12) shows the sum com-

ponent of second order force and the second term indicates the difference com-

ponent. Taking the ensemble average of恥 (3.12),and taking into account a 
statistical independence of the random phases, we get: 

E[F(2)］ ＝／喝(w,-w)U(w)dw 
ーや）

While the time average of F'M'(t) is represented in the following form: 

-p;(2)＝I: Ji:i(wi) I ai 12 
By using the relationship as; 

ai=j-(wi)-d-i 

Eq.(3.14) can be expressed in the following integral: 

炉＝J2Fd(w)U(w)dw 
If (3.13) is equal to (3.15), the following relationship holds: 

喝(w,-w)=2恥(w)

(3.13) 

(3.14) 

(3.15) 

(3.16) 

J Similarly, from comparison between (3"1:2) and (2.11) the system function G~ 
can be related to the transfer function of slowly varying drift force like: 

G~(w1, -w2)＝功(w1,-w2)...  (3.17) 

3.2 Application of Wiener's filter theory to 

slowly varying drift force 

It is clear from (3.12) that the slowly varying drift force can be expressed by a 
quadratic form of random processes. So we expect that the quadratic impulse 

response function may reveal a kind of:filter function in the:field of communi-

cation engineering. Thus if the system considered is Ergodic, it is possible from 

the Wien~r's theory to replace g£ by a OJ~timum linear:filter, i.e.: 

砂 (t)= J四（誓(t-r)dr (3.18) 

where w2 is an optimum linear impulse: response function. 
The Wiener's theory4) provides an optimum filter function w2 under the 

following three conditions: 
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(1) The input process must be an Ell'godic process and its spectral density can 
be resolved into factors. 

(2) A criterion of error minimizes the least mean square of error. 

(3) A filter function is linear and caus1al. 

The criterion of error between tlte second term of Eq.(3.6) and Eq.(3.18), 
that is, J can be obtained from the coin.ditions (1) and (3) as follows: 

J = E[{jj恥，Tぷ(t-r1)C(t -r1i)dr1伍ー／崎）C2(t-r)dt}2] (3.19) 
The problem minimizes Jin (3.19) with respect to an arbitrary function w2, 
i.e. a kind of stationary value probleitrus in calculus of variation. 
Let J[w2] be a functional. 
Now, assuming that wg is a function minimizing J, then the necessary con-
dition for w~ to be a optimum Wiener filter is given by: 

lim 
8J［サ＋ew2]
ー＝0

C→oo 8c 

This representation is equivalent to the following equation: 

J J 匹(O)R凸— 1·1)+ 2R<(r-曇 (T-T2)］ 
r1., r2 

X{g{(TJ., 72) —匹(r1)8(72 一乃）｝dr1わ＝ 0 

where~ is the auto correlation function of ((t). 
Thus we have: 

g/ (71・, 72)＝四（町）6(r2-r1) 

(3.20) 

(3.21) 

(3.22) 

If the Fourier transform of四 isgiven lby W2, the following relation is satisfied. 

喝(w1心）＝： W企1+w2) (3.23) 

Multiplying the incident wave spectrllJ.m in both sides of (3.23) and integrating 
in frequency domain, a concrete form: of W2 is given by: 

1 
W企）＝弓jGt(w -w',w')S<(w')dw' (3.24) 

Now, we assume that G~(w,, -w;) is srnooth with respect tow, and w; and that 

翌＝喝(w、,-w;), i f; j and v is amy small quantity; that is, the tangent 
planes of G'(wi,-w;) makes small angles with G~(wi, -w;). 



Triantafylou5> h邸 pointedout that this assumption is valid only for the case 
that-the second order waves need not be considered as shallow water waves. If 
this is valid, then from Taylor expansioi[lwe get: 

喝(w-w',w') -Gt(w’,―'μ'） v” 
～ 

喝(w',-w') 
こーW”n! [w→oo] 

From definition of邸 ymptoticseries 

喝(w-w',w') r.J Gt(w', --w'）・{)(w) [w→oo] (3.25) 

where {)(w) is a response function, of whlich amplitude exponentially decre邸 es
with皿 increaseof w. This expression.is equivalent to the approximation sug-
gested by Newman(see Eq.(2.13)). 
Substituting (3.25) into (3.24) we get: 

齊2)
W心）＝―可―•如(w) (3.26) 

-(2) 
where F'-✓ is the steady-drift force in irregular waves (see Eq.(3.13)). Thus, the 
impulse response function can be expressed as: 

1 
崎）＝

ー(2) J' 可 "Jf-2>j,?(w) exp(iwr)dr (3.27) 

Taking into account that,{)(w) is a exiponential decaying function, it means 
th at w2 represents a low p邸 sfilter function. That is, we can generate the 

一:;(~I)F 2 slowly varying drift force by passing ~i- ・く (t)through a low p邸 sfilter. 

3.3 Estimation of transfer functions of・ first 
and second order forces 

This section shows the method to estimate transfer functions of first and second 
order responses from experiments. 
If a surface elevation ((t) is expressed by a Gaussian random process with 
zero mean, the cross correlation function between second order force F and ( 
can be represented in the following ・form: 

R叫t)= E[(F(t) -F)((t -r)] 

= ／恥）R¢(tl-t)dt1 (3.28) 

And from Wiener-Khintchine relationship the cross spectrum is given by: 

SFく(w)= G{(w)S<(w) (3.29) 
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where S(is a two sided wave spectrum. 
This result means that the cross spectrum involves only the first term of 
the functional polynomials, and the linear transfer function G{ is derived by 
standard cross spectral technique. 
Next, we consider a third order mon:i.ent function as follows: 

R≪F(r1, r2) = E[((t + r1)((t -r1){F(t一乃）ーF}] (3.30) 

Substituting (3.6) and taking Jnto account of the symmetry of the quadratic 
impulse response function g{, Eq.(3.30) becomes: 

知 (r1,r2)= 2 / /恥，t2)取(t1＋T1+乃）駁(t2一巧＋乃）dt1dt2 (3.31) 

And utilizing Parseval's formula, the reJ~resentation in frequency domain is ob-
tained in the following form: 

知（→）＝ 2//守(w1心）坂(w1版（w2)
x exp[i{(w1 -w2)穴）＋（w1 + w2)r2}]dw1dw2 

(3.32) 

Tick6）匝 defineda cross bispectrum. C≪F as a two dimensional Fourier 
transform of a third order moment func1tion R≪ F as follows: 

知（T臼）＝ ／jexp{i（恥＋知）｝知(!11心）d!l幽 (3.33)

知（伍，92)= ~ff exp｛ーi（恥＋晒）｝知（→）d叫乃 (3.34) 
From (3.32) and (3.34) we can find the:re]lationship between the cross bispectrum 
and the quadratic transfer function in t]~e following form: 

喝(w1,ウ）＝
冥 l(叩 -W疋 1+W2) 
妥（四）S((w2)

(3.35) 

The method for estimating the cross bis1pectrum by using experimental data is 
indicated in Appendix B. 

3.4 Comparisons betvveen experimental results 
and numerical simulations 

3.4.1 Model tests 

(1) Model 

In the experiments an offshore floating structure model supported by twelve 
legs with footing was used. The confi.g111ration of the model and the direction 



of incident waves are shown in Fig.3.1. The principal dimensions are indicated 
in Table 3.1. This is the 1/14.3 scale model of the structure used in the at-sea 
experiment being carried out in Yura port of Yamagata prefecture. 

(2) Test set-up and Measuring ite1ns 

The model experiments were carried oust at the Mitaka No.2 Tank (Length is 
400m, the breadth 18m, and the depth 8m) in Ship Research Institute. The 
model set-up is shown in Fig.3.2. As shown in this:figure, the model was re-
strained by two soft springs through the device which restricted the yaw motion. 
The spring constant of them was 1.683 kg/m, (0.663 ton/m for the actual struc-
ture.). 
The measured items are as follows: 

(i) Surge and heave motion me邸 uredby a. non-contact optical motion measur-
ing system; 

(ii) Pitch motion measured by a vertical. gyroscope; 

(iii) Surface elevation measured by a servo needle wave probe:fixed at a position, 
the x coordinate of which is equal to that of the centre of gravity of the 
model in still water. 

(3) Kinds and methods of model tiests 

a) Free oscillation test in still water （） 

The natural periods and equivalent damping coefficients in surge motion was 
obtained from this test. Two kinds of spring coefficients were used. The one 
was 1.683 kg/m, and the other 5.09 kg/in. 

(b) Forced surge sinusoidal or random oscillation tests in still water 

Forced surge sinusoidal oscillation tests were carried out at the range of 3. 75 to 
15 cm in amplitude, and the oscillation period of 17sec. The range corresponds 
to Keulegan-Carpenter numbers(Kc number) of 1.6 to 6.2. This test was done 
to study the dependence of the drag force to I<c numbers. 
Irregular forced oscillation tests were 1m.ade to compare with・ the re~mlts of 
the sinusoidal forced oscillation. Irregula,rsignals for the forced oscillation tests 
were the surge response data recorded in the following test (d). 

(c) Test for measuring steady drifi; force 

Four kinds of tests in regular waves were carried out. Encounter angles of the 
tests are 0, 30, 60, and 90 degrees. The f,requency range of the regular waves 
was from 3.0 to 9.8 rad/sec. 
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(d) Test f◄ or measuring a quadratic transfer function of surge motion 

In order to experimentally obtain the quadratic transfer function of a moored 
:floating structure, the estimation of the cross bispectrum between waves and 
responses is required邸 mentionedilll i;he Chapter 2.2. Therefore, in order to 
generate irregular waves over long duration, the filtered signals were used, which 
we obtained by means of passing the white noise signals generated from a noise 
generator into band pass filters. The JmUoff(cuttoff characteristics) of the band 
p邸 sfilters was 24db/oct.. Four kinds of irregular waves were generated. The 
central frequencies f of the band p四sfilter were 0.4, 0.5, 0.6 and 0. 7 Hz. In the 
case of f equal to 0. 7 Hz, the duration time of irregular waves was 90 minutes, 
and for the other c邸 esit w邸 45minut蕊． Theencounter angle of these tests is 
only head sea. 

3.4.2 Numerical calculation 

(1) Method 

Computation of the first order hydrodynamic forces w邸 madeby a program 
極 edon the three dimensional potential theory. lit the computation the mean 
wetted surface of the body is approximlated by 480 facets. The cpu time con-
sumed to calculate the first order forc蕊 wasabout one hour on the FACOM 
M180 IT AD computer. The steadyむn.dlslowly varying drift forces were cal cu-
lated by integrating pressure distributions over the wetted surface. The com po-
nent due to second order potentials w邸 nottaken into account. The cpu time 
for calculation of drift forces was 10 miJllutes for the same computer. 

(2) Check of numerical accuracy 

In order to check the numerical accuracy of drift forces, computed results were 
compared with the Pinkster's. All of calculations were executed in double pre-
cisions. Comparisons between ours and Pinkster's are shown in Fig.3.3. In 
this figure black circles show the present results and broken and solid lines 
show Pinkster's results. The legends (1), 2), 3), 4)) denote components of 
steady drift force in Eqs.(2.16) through (2.19) and "total" means a sum of these 
components. There are a important points to note in this figure. The present 
calculations for the component 1) in the horizontal mean drift force are less than 
Pinkster's results. The other three terms and results of the vertical mean drift 
force agree very well. The component Jl) is the largest and is opposite in sign 
to the components 2),3) and 4), whose sum is comparable in magnitude with 
the component 1). Thus, small percentage errors in term I give rise to larger 
percentage errors in the total drift force. The differences in the component 1) 
are also certainly due to the difference of the way modelling the waterline. 



3.4.3. Hydrodynamic force characteristi namic force characteristics of surge motion 

(a) Free oscillation test in still water 

An example of experimental results is shown in Fig.4. By using this data, a 
virtual mass and equivalent damping coefficient were obtained as follows: 
Letぉ"besequential peak values(amplitudes) of damping curve.. ・ And It is 
assumed that the decaying motion can be represented by: 

Nf1 加 t
ェ＝Xoexp[-~] sin（一

2(Ml'+mn) T。+ w) (3.36) 

where ~。 is.the natural period, (M1 + mu) the virtual mass, and Ni1 the 
equivalent linearized damping coefficient. Then if we plot|年＋2-叫＋1I as a 
function Ix叶 1-Xn I and the damping lis constant, from Eq.(3.36) we get: 

Nf1 
|ぉ”+2一叫＋11= exp[-- ］ |叫+1-叫| （3.37) 

4(M1 +mn) 

Thus by the least square method, the:rrtininium error estimate of the inclination 
0 can be obtained. The natural period ~。 is obtained from the mean of zero-
upcrossing periods and zero-downcrossing periods. Then the virtual mass and 
equivalent damping coefficient are given by: 

M1 +mu= 
Ttc11 
41r2 

(3.38) 

Nい—--
1bCnlog(O) 
1("2 

(3.39) 

where Cn is a restoring force coeffi.cieI1Lt. 
The results obtained in this way are shown in Table 3.2. In order to apply this 
method, a large number of peak values is required and the motion equation must 
be linear. If the number of peak values is small, the accuracy of hydrodynamic 
force coefficients will become poor. So we must study whether the hydrodynamic 
coefficients obtained from Eqs.(3.38)叫 (3.39)have a good accuracy. 

(b) Forced irregular oscillation teist in still water 

The forced irregular oscillation tests were carried out in still water by using the 
surge motion signals (including the slow drift motion) obtained from the motion 
measurement experiments in waves. This test was done to s、tudythe accuracy 
of the hydrodynamic force coefficients obtained from the free oscillation test. 
The hydrodynamic force coefficients by this test are given as follows: 
Let S:xF be a cross-spectrum between the forced surge displacement x and 
the hydrodynamic reaction force F andl S:x be a auto-spectrum of x. Then the 
hydrodynamic force coefficients can be obtained from the following equation. 

Cu -(M1 +mu) =~{ 
SxF(w) 

sェ(W)｝ 
(3.40) 
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況＝＄｛塁｝ (3.41) 

This method can be applied only to the case of linear motion equation. If 
the hydrodynamic forces in the motion equation are nonlinear, note that those 
coefficients obtained by this method express nothing but equivalent linearized 
coefficients. Comparison between the slll.rge hydrodynamic coefficients obtained 
from the free oscillation test and ones from the irregular forced oscillation test is 
shown in Fig.3.6. The horizontal axis indicates the non-dimensional frequency 

w = w-11[-, where Dis the diameter oif one column and w is the surge motion g' 

frequency. In this figure white circles :show the hydrodynamic coefficients ob-
tained from the irregular forced oscill~Ltion test while black circle show those 
from the free oscillatio11 test. The broken line indicates the numerical results 
calculated by the three dimensional source distribu tio:nmethod. The damping 
force coeflicien t is nondimensionalized by p▽J召
The inertia coefficients obtained from the forced irregular oscillation test 
are distributed around the numerical values calculated by the three dimensional 
source distribution method while those from the free oscillation test agree well 
with the numerical values. The equivalent damping coefficients from the ir-
regular forced oscillation test take negaLtive value in some frequency range and 
distribute in the wide region from-0.1 to 0.2. Both results from the forced irreg-
ular oscillation test and the free oscillation test are in rough agreement. From 
this figure it is found that the inertia force in low frequencies can roughly be pre-
dieted from the three dimensional potential theory and the damping force can 
be obtained from the free oscillation. tes,t in still water. But in general, it is well 
known that the hydrodynamic forces depend on the magnitude of motion dis-
placement. Thus in order to investigate the motion displacement dependency of 
hydrodynamic forces, the sinusoidal forced oscillation test was carried out. The 
motion amplitudes in this test were changed from 3. 75 to 15cm, and the motion 
period was a constant period (17.5 sec,., i.e. w=0.0429). Results are shown in 
Fig.3.7. The horizontal axis is the Ketilegan-Carpenter number (/1もnumber),
which is defined by 21r X。/D(where.Xi0 is the motion amplitude and Dis the 
column diameter). The solid line indicates the results obtained from the free 
oscillation test, and the broken line shows the results calculated by using the 
three dimensional source distribution method. From this figure it is seen that 
the hydrodynamic forces acting on this structure do not depend much on the 
I<c number against our expectation. However one of the authors and Takaiwa7> 
have conducted the forced aild free damping tests for a tanker, a box-shape 
barge, and a semisubmersible,皿 dthey obtained the J;も numberdependency 
of drag coeflicien ts for theses structure,S.According to their results,'the drag 
coefficients appear to be inverse proportional to Kc number in the range of small 
Kc number. This means that the equivaJ.ent damping coefficients do not depend 
on I<c number in this range of Kc number, but the further researches will be 
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required to examine this problem. 

Within this experiment, inertia forc;e coefficient (1 + m1・1/M1) in low fre-
quencies can roughly be estimated at 2.0, and the equivalent damping coefficient 
(Ni1) is about 4.6 kg• sec/m (3.56 ton• sec/min the.prototype structure). 

3.4.4 Frequency response functions of surge motion 

The spectra of irregular waves generated in the experiments are shown in Fig.3.8. 
And the statistical values are indicated in Table 3.3. The Blackman-Tukey 
method was used in the spectral analysils. The number of lags was 256 and the 
Hamming window was used. The number of data taken for the analysis was 
about 35500 in the case of wave condition 4 and it was about 23000 in the other 
cases. The sampling interval was 120mLSt!c for the analysis and it was 60msec 
when the data were measured. 
In order to get the quadratic transfo1r functions we need the cross bispec-
trum estimates as mentioned in Appendix: B. The utilization of the Fast Fourier 
Transform have signi:ficant advantage 1;o compute the full components of the 
cross bispectum. For present purpose however the full computation is not re-
quired, only results on or near the line W!1 = w2 in bi-frequency plane are needed 
because our discussion concentrates upon slowly varying forces. Thus, we used 
the method developed by Dalzell8) to estimate the cross bispectrum. The win-
dow function used in the computation of cross bispectrum was the Hamming 
type extended to two dimensions. The coefficients of the window function, i.e. 

e1 and e2 were 0.54 and 0.46 respectively .. 
For the spectral analysis based on the Bl訟 kman-Tukeymethod the maxi-
murn lag number must be less th皿 1/10of sampling data. And Dalzell8) showed 
that in order to get a stable cross bispedrum, the maximum lag number must be 
less than 1/200 or 1/250 of sampling da,ta. Futhermore, as shown by Appendix 
B, if the lag number of the spectrum analysis is m, one of cross bispectrum 

analysis becomes m/2. In this case we decided that m was 256. 
The.auto spectra of surge motion are shown in Fig.3.9. The surge response 
in the case of wave condition 4 is the largest in the four wave conditions and low 
frequency motions are most dominant in the surge responses. The first order 
frequency response function, which is obtained from the cross spectra between 
the surge motion and waves, is shown. Jin Fig.3.10. In the figure, the white 
circles indicate the experimental results. The solid line shows the theoretical 

value due to the usual linear motion prediction method which takes into account 
the viscous damping force obtained from the experiments(see Chapter 3.4.3). 
The experimental results and the linear theoretical curve are in good agreement. 

3.4.5 Characteristics of steady drift force 

The steady wave drift forces in wave direction are shown in Figs.3.11 through 
3.14. In these figures, x means a encou,nter angle to waves and circles indicate 
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the experimental results, where black circles are for the experimental results 
with the wave height higher than 7 cm and white circles are for ones with the 
wave height lower than that. The solid line shows the theoretical curve based 
on the potential theory and the dotted Hne shows the modified theoretical curve 
obtained by taking into account of the viscous drift force (this will be mentioned 
later) in addition to the potential theory. Fine lines indicate the results obtained 
from the experiment in irregular waves, as follows: 
As indicated in the previous sectiolll or Appendix B, if the cross bispectrum 
estimates between waves and second order forces can be directly obtained from 
the experiment in irregula~ waves, the frequency response characteristics of drift 
forces can be estimated with good accuracy. But it is difficult to measure the 
wave forces including the second order £orces when the body is oscillating. Thus 
we adopted the indirect method instead of the direct measuring method of 
wave forces. First, we estimated the: quadratic transfer function G2 from the 
cross bispectrum between the surge motion and waves. Second, we determined 
the frequency characteristics of the steady drift force in irregular waves by the 
product between the diagonal components of G2 ・ and the spring constant. In 
these figures, the abscissa expresses the non-dimensional wave frequency w, the 
vertical axis means the mean (steady) drift force coefficients in wave direction, 
those are normalized by ½Pn(SL (wlhere L is the total length of the:floating 
body and (0 is the incident wave ampHtude). And H/D is the ratio between 
the wave height and the diameter of column. When Hf D < 0.5, that is, the 
wave height is less than half of the column diameter, the experimental results 
agree well with the theoretical line ba.~ed on the potential theory. But, when 
H/D becomes larger than 0.5, both r⑱ ults are different considerably. As the 
ca.use of the difference, the following physical :£邸torsmay be considered: 

(a) Viscous drift force{ surface force): 

This occurs from the product of. a. wave force t~rm, which is in proportion 
to a squared:fluid velocity in the Morison equation, and a wave surface 
elevation. Chakravarti9> and Standing10> has reported that this force ex-
ists. 

(b) Steady force due to other viscous dlrag force: 

A vertical viscous drag force cha:nges by angle of pitch motion. And its 
force produces the horizontal visiCous force. Huse11> expressed the hori-
zontal steady viscous force as: 

F11,s = -< Cdz Vz I Vz I !s1 > (3.42) 

where < • > denotes time me皿 value,Vz is a relative vertical velocity 
between a vertical wave particle velocity and a heaving velocity and !s1 is 
the pitch motion and Cdz is the vertical drag coefficient. 

(c) Steady force due to・ m邸stransfer velocity of waves: 



Stokes12> has shown that the horizontal mean velocity in the direction 
of wave propagation occurs in the vicinity of wave surface and this phe-
nomenon is caused by the nonlinearity of free surface condition. This ve-
locity is in proportion to the sqmt,red wave height. If a steady drag force 
can be produced by the mass tr皿 sfervelocity, it may be proportional to 
the fourth power of wave height. 

(d) Drift force due to the second order potentials: 

Standing and the others10> has :shown that the second order potential 
makes no contribution to the horfaontal steady force or the steady turning 
moment. The absence of a steady" drift force due to the second order wave 
can also be explained in physical terms. A steady force would imply the 
presence of a mean pressure gradient, which would in turn imply a steady 
acceleration throuou t the:fluid. This is not possible in the horizontal 
steady state situation. 

In the four factors, we need not consider (d) because the drift force due 
to the second order potential does Jtl.ot produce a steady force. 

Figure 3.15 a) shows the variation of steady drift force coefficient vs. the 
wave height at the wave frequency w equal to 4.387 rad/sec(1.16 rad/sec in 
actual structure, and 0.5254 in the non-dimensional frequency). And Fig. 3.15 
b) shows it for each wave frequencies. It is clear from these figures that the 
steady drift force coefficient linearly increases with an increase of the wave 
height when H/D is greater than 0.5. This means that the steady drift force 
is proportional to the third power of wave height when H/ D > 0.5. Thus the 
factor (c) is not considered. If the.factor (b) is signific叫， thesteady drift force 
component (4) represented by恥 (2.19)1nust also be significant. Because since 
the first ord~r, wa~e force in the ~e~ticall direction includes the force component 
proportional to the vertical velocity v11, tllle-component (4), in natural, becomes 
large when the factor (b) is dominant compared with other factors. Thus, we 
studied the contribution ratio of each ste叫ydrift force components ((1) to (4)) 
to the total steady drift force by numerical c.alculations. Figure 3.16 shows the 
results. 
As found from the figure, for this structure, the force components (1) and 
(2) are dominant compared with other components, that is, the contribution 
of the force components (3) and (4) to the total force is very small compared 
with the force components (1) and (2)., Accordingly, also the factor (b) is not 
dominant. Finally the phenomenon, which the steady drift force is proportional 
to the third power of wave height in s;ome frequency range, is caused by the 
viscous drift force or surf ace (drift) force .. 
Since it is very difficult to strictly evaluate this force, we shall study the 
force on a simple vertical circular cylinder within the linear wave theory. This 
investigation is referred to Appendix C. This viscous drift force has the following 
characteristics. 
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(1). The viscous drift force is in proportfon to the third power of wave height and 
it is expressed by the product of the horizontal drag force in the Morison 
equation and the inst.antaneous wave surface elevation. And if the drag 
force can equivalently be linearfaed, the viscous drift force can also be 
represented by the second term in the Volterra functional power series. 

(2) The slowly varying viscous drift force increases with increasing the mean 
wave frequency of two different wave components. 

(3) The viscous drift force does not depend on the draft but the ratio between 
the wave height and the diam.eter of the cylinder. 

The second result shows that the sllowly varying drift force including the vis-
cous drift force can be expressed by the second term of the Volterra functional 
series. But in order to strictly deal with the viscous drift force, it is necessary 
to take into account the interaction between viscous and potential:flows, fur-
thermore we must consider the probleIJns of di:ff:raction and memory e:ffects in 
the Morison equation. 
For simplicity, we applied the Standing's method to estimate the viscous 
drift force acting on the structure considered. 
Standing9> has shown the relation between the steady viscous drift force 
and the potential drift force on a fixed vertical circular cylinder, resting on the 
sea-bed and piercing the free surface as follows: 

R＝に甚｝ (3.43) 

where D is a di四neterof the cylinder, H the wave height,入thewave length 
and Cd the drag coefficient. 
Figure 3.17 shows the contribution rate of viscous and potential components 
to the steady drift force. The dotted line indicates a wave breaking limit. White 
circles are the experimental results and 1the solid line shows the curve of R equal 
to 1, i.e., the viscous steady drift force is equal to the potential steady drift 
force, when Cd = 1. It is clear that the viscous steady drift force is larger than 
the potential one when H/ D > 0.5. Thus if the ratio of the viscous drift force 
to the potential one is high, we must take into account the viscous drift force 
as follows: 

凡＝（1+R)Fd (3.44) 

where Fd is the potential steady drHt force and凡isthe steady drift force 
corrected by viscous e:ffect, i.e., the ste叫ydrift force including both the viscous 
and potential drift forces. 
In the case of experiments in irregular waves, H is replaced by half of the 
signi:ficant wave height an~ Gd is 0.5. The drag coefficient w邸 obtainedfrom a 
result of the towing test. Fd is shown iby ・the thick dotted line in Fig.3.1 7. From 
this:figure it is found that the estimate of the steady drift force corrected by 
viscous effect agrees with the experimental results. 



3.4.6 Characteristics of slowly varying drift force 

Numerical contours of real and imaginary parts of slowly varying drift force fs; 
are shown as a function of two variables W;i and w; in Fig.3.18. The variables w, 
and Ji; are normalized by: 

0i=W喜
jij=←_」ii
ぅpg| à ||町|L 

where a, and a; are a:rnplitudes of two di:fferent waves respectively. 

(3.45) 

(3.46) 

It is found from this figure that the real part of f,; has the peak in the 
vicinity of (w,,w;) = (0.806,0.806), but it is:flat except in the the vicinity, and 
that the imaginary part is also:flat along the line w, = w;. This result may infer 
that the Newman approximation can be applied to this model. 
Comparison between the numerical and experimental results with respect 
to the slowly varying drift force is shown in Fig.3.19. The left side indicates 
the amplitude of quadratic t!ansfer function of slowly varying drift force and 
the right side does the phase of it. The thin dotted lines are the experimental 
results in irregular waves(those results a.re obtained from the cross bispectrum 
analysis), the solid line is the numericむlresults based on the potential theory, 
the dash-dotted line obtained from applying the Newman approximation to the 
numerical results, and the broken line the results obtained from the applying 
the Newman approximation to the nuIJaerical values corrected by the viscous 
e:ffect; i.e. the values estimated by Eq.(:3.44). And△w indicates the di:fference 
of two di:fferent wave frequencies and the horizontal axis is the mean frequency 
of them. 
Although the slowly varying drift force may directly be obtained from the 
experiment, we indirectly obtained the jfOjl'Ce in the following way. 
Using the quadratic transfer function of surge motion, G2 (which is ob-
tained from cross bispectral analysis of the experimental data) and the transfer 
function of surge motion to the external force, HL (which is obtained from the 
free oscillation test in still water), the quadratic transfer function of the slowly 

varying drift force G~ can indirectly be olbtained by the following relation: 

喝(w1, —匹）＝ 伍(w1,-w2) 
I-IL（四一w2)

(3.47) 

where 

HL(w) = 1 
~ 

Cn -(M+mu)研＋ 3•N炉
(3.48) 

and we assume that the hydrodynamic force coefficients of Eq.(3.48) do not 
change in waves. 
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From this:figure the numerical value based on the poteniial theory is much 
lower than the experimental results, but the former has the same tendency 
邸 thelatter. Comparisons of the solid and dash-dotted lines reveal that the 
Newman approximation can be applied in this case. And the broken line, i.e. the 
numerical results corrected by taking i)[lto account the viscous effect, agrees with 
t_he experimental results. This mealtls that in order to estimate the slow drift 
motion of the floating structure supported by many legs with small diameter, we 
should take into account not only the potential drift force but also the viscous 
one. 

3.4. 7 Variation of hydrodynamic force coefficients of slow 
drift motion in waves 

In the section 2.1, we state that the damping coefficient of slow drift motion in 
waves is different from one in still water. In this section we shall investigate if 
such phenomenon occurs in the f ollowilng way. 
First, let G2, G~ and HL be the qu叫ratictransfer function of surge motion, 
the quadratic transfer function of slowly立 ryingdrift force and the tr皿 sfer
function of surge motion to external force, respectively. Let them. hold the 
relationship of Eq.(3.4 7). And we shalll introduce the _transfer function of slow 
drift motion to instantaneous wave power, 3(w), given by : 

3(w) 
s:&ぐ
S¢(W) 

Iw俎(w-w'）S((w')G2(w-w',w')dw' = _ ＿』
fw,S<:(w -w'）坂(w')dw'

(3.49) 

where 5'.ベ2is the cross spectrum between the surge motion x and instantaneous 
wave power (2, and S.く2 the auto spectrum of (2. Then from Eqs.(3.23) and 
(3.4 7), the following relation is satisfied: 

己＊（w)= HL(w)W2(w) (3.50) 

Thus, if the Newman approximation ca,n be applied, the non-dimensional trans-
fer function of surge motion to exterit1.aJ force,瓦 canbe obtained by: 

万L(w)= 己＊（w)
已(0)

(3.51) 

Comparison between瓦 obtainedfrom Eq.(3.51) and月r,(=Cu ・HL) obtained 
from恥 (3.48)is shown in Fig.3.20. I!'-the figure the thin lines are the results of 
万Land the solid line is the result of flt, where the value己(0)(=HL(O) ・ W2(0)) 



in Eq.(3.51) is estimated from (3.26) as follows: 

·—<2)

己(0)
F 
C119t 

(3.52) 

From this figure,酌 isin good agreement with且Lin case of wave condition 
1, but in other cases, the peak frequency of瓦 movestowards the low fre-
quency side and the peak value becomes sm叫whenthe peak frequency of wave 
spectrum becomes high, as compared with HL. Namely, this means that when 
the peak frequency of wave spectrum becomes high, the damping coefficient of 
slow ~rift m?tion in w~ve~ b~co~es b~gger th_:n, on_e in sti~ :-:at~r.. In ?rder ~o 
examine an increase rate in the dampiug coefficient, we got the hydrodynamic 
coefficients by means of the le邸 tsquare method from Eq.(3.52), under the as— 
sumption that瓦 isequivalent to Eq.(3.48). These results are shown in Table 
3.5. Obviously, the phenomenon that the damping force in waves becomes larger 
than_~ne in sti~ water occurs. The amount is L6 "'1. 7 _times the da~pin~ force 
in still water. Furthermore the virtual mass in waves decreases 10 % of one in 
still water. 

3.4.8 Time domain simulation 

(1) Surge motion equation in tim(e domain and its solution 

If the added mass and the damping forces of slow drift motion in still water 
do not change in waves and the coupliltlg terms are neglected, a surge motion 
equation of the floating body moored by linear springs may be represented in 
time domain as follows: 

where 

(M1+mn(OO））ふ＋Jtkn(t-T)麟＋au（ふふ）＋ G11X1
-oo 

=F(1)（t)＋F(2)（t) 

M1 ; mass 
m11(oo) ; added mass at w = oo 
au ; viscous d四npingforce 
C 11 ; restoring force coefficient 
K 11 ; memory effect function 
p(l) ; first order force 
p<2> ; second order force 

(3.53) 

Moving all terms in恥．（3.53)except for inertia terms to the right hand side, 
Eq.(3.53) becomes equivalent to the Newton equation as: 

Mふ＝一mn(00）ふー／t kn(t-T)丸dT-an（ふ，＜；t）-CnX1
-oo 
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+F<1)(t) + F(2)(t) (3.54) 

Then we can numerically solve the above equation in time domain if the viscous 
damping force is known. In order to solve Eq.(3.54) in time domain, we used 
the Newmark-/3method14). According 1r.o the Newmark-(3 method, when a surge 
motion at a time t汎 isexpressed by Xi, Xf+1 at tn+l = t” 十△tcan be 
represented四 follows:

叩＝X「＋△t対＋芋対＋厨（研内） （3.55) 

• △ ` 

Xや＝対＋ー（えr+l＋対） （3.56) 
2 

After iterations, the motion equation, that is, Eq.(3.54) can be solved in time 
domain, where we use 1/4 as a value of/3．When this value is used, it is 
mathematically proven that the solution is absolutely stable. 
The judgement of convergence was conducted under the following condition: 

I饂ゴ「f,m l 
ぇ叶1
1,m 
—|s 声 (3.57) 

where the subscript m denotes the iteration number. 

(2) Hydrodynamic force in time domain 

From the Fourier transform to the first two terms in the left hand side of 
Eq.(3.53), the following relations are given; 

mu(w) = mu(oo) 一~100 I<u(t) sin wtdt 
W 。 (3.58) 

oo 

N甜(w)= 10<., Ku(t)coswtdt 

゜
(3.59) 

where 

m11 (w) ; added mass in frequency domain 

N甜（）．．w) ; radiation wave damping in frequency domain 

Then if the added mass and the radiation wave damping force over in:finite 
range are given, the hydrodynamic forces in time domain, i.e. m11 (oo) and 
K11(t), can be obtained from the relations (3.58) and (3.59). But this procedure 
is not easy, because it is impossible to get the frequency-domain hydrodynamic 

force numerically over in:finite range.. Thus we extrapolate Nn)(w), which is 
obtained in some frequency range, by using the spline function, get the frequency 



point wo that the extrapolated value becomes zero, and calculate the following 
integral over wo ~ w ~ 0. 

Ku(t)＝汀゚ Nザ(w)coswtdw
T 。 (3.60) 

We will check the accuracy of the above numerical approximation later. 

(3) Viscous hydrodynamic force 

In order to get the viscous hydrodynamic damping forces, one divides wetted 
surfaces of a:floating body into several blocks, and obtaines the viscous damping 
force from integrating the viscous drag acting on the centre of projection area 
of all blocks: That is 

an =N戸 i|ふ|

咄＝iり（fsn凸 dS
(3.61) 

(3.62) 

In this paper, for simplicity, the viscous drag force was determined by the 
following equivalent linearized form: 

an =1V：ふ (3.63) 

where the experimental value shown in the section 3.4.3 wa.s used a.s the value 
of Nf1 in this case. 

(4) Wave force 

(a) First order force 

According to the linear system theory ill, the field of communication theory, the 

first order wave excitation acting on_ a floating body can be represented as; 

砂 (t)＝／叶(t)((t-r)dr (3.64) 

where g{ is a impulse response functiolll of first order wave excitation, and its 
Fourier transform, i.e. frequency resp01;1.s,e function, becomes as: 

1 
g{（T) ＝石/G如）exp(iwt)dw (3.65) 

If the wave spectrum shape U(w) is know:n, Rice h邸 shownthat the:first order 
wave excitation can be represented by the following stochastic integral form: 

砂 (t)=JI G{(w) I cos(wt + μ(t:1.11) -arg(G{ (w)））酒戸瓦 (3.66) 

Note that the Rice's representation does not depend on the initial value, i.e. it 
is a stoch邸 ticintegral representation, and it is not a physical causal system. 
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(b) Steady and slowly varying; drift forces 

Using the system function w2 defined iIIL Eq.(3.18), the slowly varying drift force 
including the steady drift force can be represented邸：

砂 (t)＝／匹(r)ぐ(t-r)む (3.67) 

where 

崎）＝ー1／l1V2(w) exp(iwr)dw 
2'iT 

(3.68) 

and 

鯰）＝可1／叫(w-w1,w1)S<(w')dw1 (3.69) 

If G{（Wi，町） issmooth enough for Wi and w; andー8Gl aGl 
2 

aui and ?. are small, we 戸2) 如，．

can generate the slowly varying drift f o:rce by passing 9 •ぐ(t) into a low pass 

filter,四 shownin the section 3.2. 

(5) C omparison between simulation results and experimental ones 

Before doing the simulation we investigated that the assumption (3.60) can be 
applied. Takagi and Saito15) has shown theoretically an asymptotic behaviour of 
the memory effect functions for a half submerged sphere. Comparisons between 
their results and the calculated results due to Eq.(3.60) are shown in Fig.3.21. 
It is found from this figure that both results are in agreement although a slight 
deformation is observed to the calculated memory e:ffect function. It is consid-
ered from practical point of view that tlte present calculation method is accurate 
enough to get memory effect function:s since in general radiation damping forces 
exponentially decrease with increasing wave frequency. However we should note 
that the added m邸 sm11 (oo) is slightly modified by the truncation effect.(see 
e.g. Fig.3.22). In this paper calculations were carried out untill the frequency 
range such that a stable added m邸 s,11ri11 (oo) is given. 
Comparisons between simulation.results due to Eq.(3.53) and experimental 
results of slow drift surge motion for eac:h wave conditions are shown in Figs.3. 23 
and 3.24, and the surge motion spectra of each results are indicated in Fig.3.25. 
The slowly varying drift forces are simulated by using both Eqs.(3.18) and (3.27). 
As an amplitude of'8(w), which expr('..sses the frequency characteristics of a low 
p邸 sfilter in Eq.(3.27), a squared cosine type such that'8(w) = 1 for w = 0 and 
'8(w) = 0 for w equal to the peak frequency of wave spectrum is used. A time 
interval for simulation is 60msec. From this figure it is found that both results 
are in good agreement in the c邸 eth:a.t the first order motion is dominant, but 
that the simulation results become larger than the experimental results when 
the slow drift motion is dominant. It is considered that this is caused by a wave 
drift damping force. 
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Chapter 4 

Stochastic analysis of 
second order responses 

This section develops a theory of two p1robabilistic subjects associated with ob-
taining the second order response of a moored:floating structure in the horizontal 
plane. The first method utilized to obt叫nthe total second order response p.d.f. 
assumes neither a weakly nonlinear response nor a pure quadratic response. 
This theory is based on the "approxima:te theory" of continuous distribution in 
mathematical statistics where the p.d.f. of the total second order response can 
be represented by the La四erreexpansion which express the釦stterm by a 
G皿 map.d.i. This is similar to the VillLje's method which is comparable to the 
Gram-Cha:rlier expansion which expres:Bes the first term by a Gaussian p.d.f., 
although the Grarn.-Charlier expansion does not uniformly converge and nega— 
tive probabilities may occur. The use of the Laguerre expansion/Gamma p.d.f. 
method to obtain the total second ordle1r response p.d.f. can be applied to solve 
the above problems, furthermore it can also treat the case of equal double eigen-
values that the Naess'method cannot.'The second method utilized obtains the 
highest mean arn.plitude of the total seciOnd order response of a moored:floating 
structure. By introducing an assumptitoin. that a response and its time derivative 
processes are mutually independent, it is shown that the p.d.f. of the positive 
maxima or the negative minima can be expressed by the derivative of the p.d.f. 
of the instantaneous response. 
As a basic study, the applicability of the present method is first discussed 
by comparisons between the Naess'exact p.d.f. solution for pure second or-
der responses of moored:floating serni-drcular and rectangular 2-D structures. 
Next, the statistical interferences of the linear and quadratic responses on the 
p.d.f. and the 1/n th highest mean amplitude are investigated by changing the 
darn.ping and restoration coefficients of'the response system. Finally we investi-
gate the practicability of the present method through comparisons between the 
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measured results and the estimates obt直nedfrom the present method. 

4.1 Probabilistic Approach to The Total Sec-
ond Order Response of a Moored Floating 
Structure 

4.1.1 Instantaneous p.d.f. 

(1) Exact Theory 

The total second order response of a moored:floating structure that is being 
subjected to a Gaussian random excitation at some fixed time may be expressed 
as: 

X(t) = x(1} + x<2> 
where the linear term is given by: 

砂＝／肛(T)＜（t-T)dT 
T 

and the nonlinear second order term as: 

(4.1) 

(4.2) 

x(2) ＝ /jぬ(T1心）〈：（t-町）＜（t-乃）d和 (4.3)
Tl 乃

In equations (4.2) and (4.3), C(t) denotes the surface elevation which is a sta— 
tionary Gaussian random variable with a zero mean. The kernel 01 is a linear 
impulse response function. The kernel g,2 is analogous to the linear impulse re-
sponse function and is called the quadra,tic impulse response function (see 3.1). 
And we assume that they are continuo1:1s and absolutely integrable, then they 
possess a Fourier transform as shown previously(Eq.(3. 7)). 
In order to represent the quadratic process x<2) by a sum of random vari-
ables, yielding the same probability distribution, the Kac & Siegert theory(K-S 
method) is used. This leads to the following representation: 

00 00 

X(t)＝区ci閉(1t)＋LA;W;2(t) (4.4) 
.'J .＇’ 

where W; is a set of independent Gaussi皿 randomvariables of zero mean value 
and unit variance. The入;are eigenvalues which satisfy: 

IOO K(W1心）衝（叫dw2= A;叱(W1)
-oo 

(4.5) 

(435) 
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The par皿 etersc;, which represent the linear response, can be determined by: 

00 

Cj = /-OO伍(w)ぷ石(w) (4.6) 

where* indicates a complex conjugate and S(is a two-sided wave spectrum. In 
equation (4.5) is a set of orthogonal eigenfunctions which satis:fies: 

!-OOOO叱(W)町(W)du={； : ; ; ： (4.7) 
and kernel function K(w1心） isa HerIJo.ite kernel defined by: 

K(w心）＝応玉ェ五み(w1心） (4.8) 

When the eigenvalues入;and the par皿 etersc; are known, the p.d.f. is given 
by: 

Px(x)＝上1_:exp(-ixs)</> x (s)ds 
2~ —•OO 

where the characteristic function is 

00 

</,x(s)＝且了→冗戸p(-
弓s2
］ 

J2(1-2的s)

The mean, the variance and the higher order cumulants are given by: 

k1＝ X = E[X(t)] = E >.; 

k2 = u灸＝ EcJ+2こ碍＝叶＋93

km= E2m-1(m-l)！入j+ i.こm!入;-2号 form~ 3 

(4.9) 

(4.10) 

(4.11) 

Kac and Siegert1> and Neal2) concludled that the p.d.f. expressed in Eq.(4.9) 
cannot be determined in a closed form and therefore must be computed numer-
ically. Although this is true in most c邸 es,it can be written in a closed form in 
some special cases which will be discussed next. 

(2) NAESS'APPROACH 

Naess3),4),5) introduced a slow drift approximation such thatの(w1,w2) = 0 
when w1 • w2 > 0. This indicates that the high frequency component which 
corresponds to sum of w1 and w2 is negligible. This is a physically acceptable 
fact, and it is a convenient approximatfon for our purpose. Naess determined 
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that the Eq.(4.5) eigenvalue problem generated a set of double eigenvalues as 
follows: 

K(w1,w2) = 0 for w1 ・ w2 < 0 

IOOK(W1心）叱(w2)dw2＝孔（W1) for w1こ0(4.12)

入゚2j-1＝切＝ふ

where 

い（w)= {灼(W)
古ふ；（w)
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(4.13) 

聾）＝｛°-氾(W):： : t 
六的(w) , w < 0 

and also that the linear response is negligilbly small when compared to the second 
order response, i.e., Cj・三 0.The p.d.f. of the pure second order response can be 
shown in the closed form as follows: 
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, X ~ 0 

(4.14) 

，のく 0

where 

h = n •1-
k=1 (］しー的;;;入j

and the set of eigenvalues g are divided into two groups，入;,j=l,··•,M,for

入;> 0 and入叫＝ M+ 1,··•,N, for.¥,; く 0.The above results are then valid 
unless equal double eigenvalues exist. 

(4.15) 

(3) APPROXIMATE THEORY 

(i) Gr皿 -Charlierexpansion imethod 

The au thors6) showed that if the nonliine:ar response considered here is weakly 

nonlinear the instantaneous p.d.f. can be represented by the Gram-Chartier 
expansion. The expansion is the Hermite expansion, the first approximation of 
which is the Gaussian p.d.f.. We shall indicate their method in brief. 

(437) 
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(438) 

If the eigenvalues入； arevery smaJI compared with c;, X may approach 
Gaussian. So we replace X -E[X) by JZ'and introduce the error function PE(z) 
defined by 

PE(z) = Px(~~) -N(O, u}) (4.16) 

where N(O, Uk) is the zero mean Gauss p.d.f. with variance equal to咋 Ifpc 
can be represented by a family of orthogonal functions with weigh ting function 
{w(z)ら(z)},it can be expanded in the following form: 

00 

Pふ）＝区aふ (z)w(z) (4.17) 
霞＝1

where 

a冗＝／OOら(z)pふ）dz
-00 

(4.18) 

If w(z) is the Gaussian p.d.f., it is well-known that h.. (z) are given by the 
Hermite polynomials. From the properties of the Hermite polynomials the p.d.f. 
can be approximated by the Gram-Charlier expansion: 

Px(x) ~ ~[1 + f ~.凡｛二王｝exp（一巴二ざ~[1+ ~;j(J'}•Er.. {~} exp(-~(J'灸）］
”=3 

(4.19) 

where Hn are the Hermite polynomial:s and bn represent the higher moments 
de:fined by 

妬＝ E[(x-天”)"］ for nこ3 (4.20) 

And the moments functions can be obtained from frequency domain integrals 
of transfer functions and wave spectrum as shown in Appendix F. 
This method h邸 asignificant a.dva.ntage in the point of obtaining the ap-
proximate solution from numerical integral procedures. However, we should 
note that the Gram-Charlier expansion does not always converge uniformly and 
that the negative probabilities occur if the expansion is truncated at finite order. 
The occurrence of negative probabilities is physically inconsistent. 
Edgeworth 7) investigated the convergence of the Gram-Charlier series and 
he has shown that if only a few terms are computed, the best grouping of terms 
in Eq.(4.19) is not that associated with taking terms in their natural order(i.e. 
o, 3, 4, 5,・・・）． And he proposed regrouped series. The grouping is 

゜0,3 ….1st approximation 0,3,4,6….2nd 
0,3,4,6,5,7,9.. 3rd 

This list implies that if the O and 3 te1~ms are used as the first approximation, 
the addition of terms 4 and 6 gives the next order approximation, and so forth. 
This regrouped series is called "Edg畑 orthseries". The Gram-Ch叫 ierseries 
up to third order is equal to the Edgevl70rth series. 


