
(ii) Asymptotic solution meJGhod 

Naess4> found an exact series form solution for the instantaneous p.d.f. of total 
second order response. His argument i:s:asfollows: 
From equation (4.10) and the slow drift approximation, the c.f., </,x(s) is 
given by 

N 

叙 (s)= Il釘(s)
j=l 

(4.21) 

I 
釘(s)= ~exp[-

(c~j-1 + C匂）
］ 

1 -2的s 2(1 -2和s)
(4.22) 

It is seen that <p x (s) h邸 isolatedessential singularities at s =-~. Rewriting 
.2入ゴ

釘(s)as 

も（）
i ・ ____ r ib;s2 

i(s) = ~— exp [-~ 
功 (s-,Si) S -si 

］ 

一where b; = (c~j-l + c為）4入jands;=•―→・2入，． 9it can be shown that 

和(s)
= - exp{-i(six + 2bPi)｝ 
功 (S-Sj) 

叙 (s)exp(-ixs) 

b~s2 
x exp{-i[(b; + x)(s -s;) + ~]} 

s -si 

(4.23) 

(4.24) 

where the functionも＝芍餅Henceも(s)is analytic in a neighborhood of sか
which implies that 

00 

も(s)= Ea罰s-s; t for I sli < e]・(e;are any constants) (4.25) 
n=O 

The p.d.f. can be obtained from integr1a.ting (4.24) from -oo to oo with respect 
to s. Invoking the residue theorem, coirtsequently we get: 

Px(x) =｛こ缶exp(士-舟)Q走）
E-dbexp(点-も)Q走）

where the function Q;（ェ） aredefined by 

ぉ＞〇

x<O 

00.  b. Q走）＝区(~)ma匂(-土ー）m/2Im( V匂(bj＋工）
2|ぷ| bJ；十の 一m=0 い1

(4.26) 

) (4.27) 
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and Im(x) denotes the modi:fied Bessel function of integer order m. The exp証
(j) 

sion coefficients a~'can be derived fron1 the Taylor expansion of the function 
:oo 

も(s)= ][I如）
k=1 
i,-:f,:, 

around s = s;. When b; = O,j = l,•·•,N, i.e. when the first order response is 
neglected, it is e函lyseen that since 10(0) = 1 and 

00 

a炉＝Il州 s;）
l:=,l 
k#J 

,equation (4.26) reduces to equation (4.14). 
Since it is very difficult to numerically evaluate equation (4:_26), Naess ob-
tained the aymptotic solution for x→ oo from (4.26) when,¥1 is dominant 
compared with the other eigenvalues, i.e. when the fo~owing approximation is 
adopted. 

N 

ふ(s)~ふ(s1)= a附＝II州 s1)

From Eq.(4.22) it is found that 

N 
1 

lc=2 

紺＝II r·exp[~ 
A,•bi 
-l 

i=2 (1ーも） ふ（ふ—入i)

Using the following asymptotic relation:: 

Io（エ）～土exp(x)
犀

as a： → OO 

it can now be shown that 

px(X) ～ 
ai1) （ぷ戸ー1/2 （丘＋ぷ）2

2試 h
-）  exp[-

2j1 

(4.28) 

(4.29) 

(4.30) 

］ as a： → OO 

(4.31) 
This implies that PX behaves like 0(eXJ?(-x)) for x→oo whenふ>ふ
Vinje8> also found the same expressilon as (4.31). But his result is in error 
as noted by N aess. 

(iii) New approximate theory 

An alternative approach to Naess'exa~ct solution will now be developed. If the 
number of the eigenvalues are finite, then from Eq.(4.4) the total response X(t) 
may be decomposed into the following form: 

X(t) =約十Z2 (4.32) 



where 
M 

Z1＝こ（ci]Wi+Aiwf)
j=l 

(4.33) 

Z2= t匂W凸 W]) (4.34) 
j=M+l 

It can be mathematically proven that zr1 and Z2 are mutually independent in a 
statistical sense(e.g. Papoulis10>). If the time is fixed and c;三 O,Z1 becomes a 
random variable which is always positive while Z2 is always negative. In this case 
it can be proven from the approximate theory of continuous random distribution 
in mathematical statistics that the p.d、,f.of Z1 and妬 canbe expanded to a 
series of the generalized Laguerre polynomials11). The first ・ ter・m of the series 

is the two parameter Gamma p.d.f.. For ex皿 ple,if Y = A1W{ +・・・十．入nW;
and入;> 0(i = 1, • • •, n), then the p.d.f.. of Y can be expanded by the following 
series with uniform convergence・: 

V 00 （サー1) 工
PY（x)＝四(X,20;-）［］L十LB山（一

2 20 
)] （4.35) 

k=l 

（t) 
where P-y is the Gamma p.d.f. with two p;uameters 0 and v, L~ 2'is the general— 

ized Laguerre polynomials, and B1; represents the coefficients determined from 
the orthogonal property of the Laguerire polynomials. Since the parameters 0 
and v are unknown, they can be deter]rruined by eliminating B1 and B2. Then 
P-y becomes a second order approximation for py, and the:first and second order 
moments of py agree with those of Pr The same approximation can be also 
applied in the case of c; :f; 0 by transforming Z1 in Eq.(4.33) into the following 
form: 

Yi= Z1心舌＝区砂2

V;=Wj＋弐 (4.36) 

Eq.(4.36) is the same quadratic form oj「Gaussianrandom variables as the case 
for c; = O, except that E［V;(t)]=rr; # 0. Since the p.d.f. of V;2(t) becomes a 2入，•?(t)
non-central x2 p.d.f. and乃aremutuailly independent, the p.d.f. of Y can be 
represented by a series form of the no11t-central x2 p.d.f. Using the fact that a 
non-central x2 p.d.f. can be expanded by the generalized ½aguerre polynomials, 
the p.d.f. of Y can also be represented by a series form using a Gamma p.d.f. 
and a generalized Laguerre polynomial:s like Eq.(4.35). There is, however, sta— 

tistical interference between the linear a,nd the quadratic responses at the higher 
order moments greater than third order(e.g. Eq.(4.11)), thus it is insufficient 
to adequately describe this statistical interference approximation by using only 
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the leading two terms. Therefore we must extend the two term approximation 
to at least a three term approximation, i.e. approximate the response by means 
of a Garn.ma p.d.f. is de:fined with three param.eters(0, 11, ando) in the following 
form: 

V, 1,  _...,,,_,, Xー6
四(x,6,20;-）＝ 

21 -(20)11/2f(v/2) 
（エーot/2-1exp(----）び（エー 6)

20 

whereび(x-8) is the step function de恥 edas: 

(4.37) 

び(x-8) = 1「1l o 
6

6

 

>
I
V
 

”
x
 

(4.38) 

0 is the generating number of G皿 map.d.f., and v the degrees of freedom. 
The corresponding c.f. becomes: 

1 
も(u,5,20;v/2)= ~exp(i5u) 

(1 -2i伽）v/2
(4.39) 

Taking the difference between the CUIJClllllant-generating function of Z1 and that 
of a random variable which yields a three parameter (0, v, 8) Gamma p.d.f. we 
obtain, 

△ 三 log</>z1 -log妬

M M 2 2 1 
= -¼ tlog(l -2i入iu)＋竺log(l-2知）ー区 ” 
2 i=1 2 たf2(1 -2i入iu)
． 
ー96氾

Substituting位＝一江＿ intoequati 1+291(1 into equation (4.40) we get: 

(4.40) 

△ 
1 
M 

M-111 
三ー一Llog[l-2（入j•一針）ら］ +—— log(l + 2腿）
2 i=1 2 

M 2 

＋こ均
e2 
11 ]-

616 

j=l 
2L{l-2(.¥jー針）も｝（1+ 20心） （1 + 20ふ）

(4.41) 

If釘istaken such as妬＞ max入j(i=1,…，M), 12（入i-釘）＆）I~ 120161 ~ 1 
for all 6. Thus△can be expanded into a uniform convergence power series. 
Consequently the expansion form of△:is given by: 

△
 

C2 
＝（区Aj→101-81)＆+（区碍ー2I:屈 l＋碕＋どす＋2騎）ef

(442) 



暑（こ刈ー3L別＋3L入i'(}f-V1(}f)-40柘＋こげ

-2こc拓］｛r+ 0({2騎｝り (4.42) 

The first, second and third terms of the right hand side of equation (4.42) may 
be eliminated if the unknown variables ~11, 111 and 51 are determined as follows: 

01=~ 羽＋ i立
4E碍＋2Ecj 

6l＝区ふ・--
1(2E碍＋E号）2
41E 刈＋ 3EA]•C1

2(2~ 碍＋ E 号）3
V1 = 
(4EA} ＋3E入吋）2

(4.43) 

If the slow drift approximation ob紐ainedby Naess is applied!..the parameters in 
Eq.(4.43) should be replaced by 61 = 2'61,み＝ 2巧．， and釘＝釘． Thusthe 
p.d.f. of Z1 can be approximately evaluaLted in the following form: 

Pz1(x) ~ Pャ，困，201泊／2) (4.44) 

This becomes the third order approxim,ation of p z1 because the first, second, 
and third order moments completely agree with the actual ones. Equation (4.44) 
can be exactly expanded by the generalized Laguerre polynomials邸 follows:
From Eq.(4.42) the c.f. of Z1 is given by the expansion form邸：

00 

紅＝も(u,81, 20凸／2)exp［LA滋］
”=4 

00 

＝む区B1cef (4.45) 
k=O 

where B。=1,B1 = B2 = B3 = 0. 
Using the following relation 

8k 
～ 
80k 
妬＝叫；；1+ 2).,, ・ (iii + 2k -2)ef妬
1 

(4.46) 

results in 
00 

転＝E BK 炉
--¢7 

み(ii1+ 2)・・・伍＋2k-2)紐
. (4.47) 

k=O 

The partial derivative of妬withrespect to 01 can also be represented in another 
form by: 

防—1)1iぶ“OO 9̂ 8k 
一佑＝ （ ） ／夜“1エー(e→丑／2＋K-1
碕 尻r伍／2）。記

)dx (4.48) 
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Using the generalized Laguerre polym.omials, 

eZェ‘-a d" 
L(a)（x) =―-一(e―zx"+a
, T! dが ） 

where a>ー1,r = O, 1, 2, • • •, Eq.(4A8) can be rewritten邸 follows:

(4.49) 

釦＝ぷ嘉』1(X)k!exp（一苧詈）V,/2-1LiV,/2-1)（主嗜
(4.50) 

Finally we obtain the complete form <>f the p.d.f. of Z1 in the following series 
form 

PZ1 

where 

--
＝四(x,81,20凸／:2)[1十区BK°° （一1}1k!r伍／2)

k=4 附(ii1/2+k) 

一(vi/2-1) I~ - 61 
xら(--—2(}1 、）］ 

祀 （み／2-1)/ Xーぶ
Bk ＝一廿E[l五 （一?)](-1) 01 

(4.51) 

(4.52) 

This final expansion form is not used except in the cases where the moments 
higher than third order are of importance. 
The p.d.f. of -Z2，邸 well邸 thatc::1r Z1, can be also approximated by a three 
p匹 ameterGamma p.d.f.（む，み， and6~z) as follows: 

厄 (x)~四(,”’む， 202; み／2) (4.53) 

The results of Eqs.(4.44) and (4.53) illld:icate that the total second order response 
process X(t) can be approximated by the difference of the two independent 
random variables which yield a Gamma distribution with three parameters. 
From the convolution integrals of the Gamma p.d.f.'s the p.d.f. of the total 
second order response can be obtained by: 

f（むむ；和む）J。°°(z十エー・ぷ＋む）v1/2-1zみ／2-le-azdz
～ ～ 

xこ6l-62 
--

x exp(-＝含ヂ）
Px(x) = 

巫，む；和む） J。°°(z ーエ＋屈—む）；；2/2-1zv1/2-1e―azdz 

--
x exp(＝含竺） ~ -

工<6l -62 

(4.54) 



where 

f (01,ぬ；ぶ，む）＝―- 1 

(201）研(2妬）v2/2r（み／2)r（み／2)'

1 1 
a= —+ -
201. 2み

(4.55) 

and the multiple-valued integrants take a principal value. 

(iv) Convergence to Gaussian p.d.f 

When the eigenvalues入jare very small compared with Cj, i.e. when入j are 
neglected, the total second order response process, X(t) certainly approaches 
Gaussian. In this section we shall show this fa.ct from the present theory. 
From Eq.(4.43) it is found that 

01 =議
ぷ＝叉9-Jox (4.56) 

Namely the parameters of the Gamma p.dl.f. are not mutually inde~竺dent, two 
parameters in the three can be represented by the rest ifびxand X are fixed. 
Takingみ， whichrepresents the degree of freedom of the Gamma p.d.f., as an 
independent parameter, replacing the variable x by z like 

a?-X 
z=-『

びX

and setting n = v1/2, the Gamma p.d.f.. can be rewritten from Eq.(4.37) as: 

四（z)= {品（ぷz+n)”―1exp(—ぷz-n) forz >—ぷ (4.57)
0 for z ~—ぷ

When入;< 1, i.e. n ::>-1, we shall consider the邸 ymptoticbehavior of Eq.(4.57) 
as n→ 00. 
Noting that the first term of四ymptoticexpansion of Gamma function r(z) 
is given by 

r(z + 1) =ぷ~z+l/2e―z as z → OO 

and the Taylor expansion of log(1 + u) for lul < 1 is represented邸：

1 
log(l + u) = u -~ + o（研）

2u2 

then we have: 

logp-y 
1 1 z2 分

= -log年＋｛――—+—+ • • •}- - -
4研 3n2

＋ 
2 I 3ぷ

2 z z 
-（-+—+· • ・) + o(l) (4.58) 
~ I 2n 
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If n→oo, from equation (4.58) it is found that 

that is 

log P-y """ -logぷ：＿亡＋0（土
2 ぷ

1 丑
P-y~ —--
” 
exp( 
2 
） as n → 00 (4.59) 

This implies that P-y can be approxilmated by the Gaussian p.d.f. when n is 
sufficiently large. But we should note that the the range which the Gamma 
p.d.f can be regarded邸 theGaussian ;p.d.f. is limitted to the variable range of 
zくぷ・

4.1.2 Maxima p.d.f. 

Statistical prediction of the maxima oi[ a random process is usually performed 
using the Rayleigh distribution under the condition that a random process is 
a stationary, narrow banded, Gaussian process with zero mean. But in the 
case of a second order response for a, moored floating structure, this condition 
may no longer be satisfied. In order to exactly obtain the maxima p.d.f. of 
a nonlinear response, the expected nu:mber of maxima greater than a specified 
l ・evel is required邸 shownby Lin 12). 
First, according to Lin, we shall show the exact theory. 
Figure 4.1 is an explanatory sketch of a random process X(t) for which the 
maxima(or minima) could be anywhe1・e in the range of (-oo, oo) and several 
maxima(or minima) could occur during. one cycle as defined by mean crossings. 
}!ere, maxima are defined as peaks which satisfy the condition.X(t) = 0 and 
え(t)く0.Where邸 minimaare defined as troughs satisfying the condition X = 
0 and X > 0. As shown in Fig.4.1 maxima and minima can take both negative 
an~ positi!e values. The magnitude of 1:he maxima with positive v叫ues｛ざ（t)> 
o,x = o,x < o} or the minima with negative values {X(t) < O,X = O,X > O} 
would be critical if they exceed a cerhi.in value, and hence the statistical extreme 
values of these maxima and the minima provide valuable information for the 
engineering design purpose. 
For the problem of a mooring system the positive maxima are the most 
important, if the direction drifted by waves is positive. Since the statistical 
properties of negative minima can be estimated from those of positive max-
ima by means of the transform of ra,ndom variables, the positive maxima are 
considered in the following analysis. 
It can be邸 sumedthat X(t) is stationary and zero mean without loss of 
generality. Then the expected number of maxima above a specified level X(t) = 
e, denoted as E[M(e)], is obtained by: 

E[M(l)]＝「J゚|XIPxXぇ（x,O，る）dるe J-oo 
(4.60) 



The total expected number of maxima wilth positive values, denoted as E[M(-oo)], 
becomes 

E[M(-00)］ ＝ JOOdx／゚ I叫PxXぇ(x,0，る）d!i (4.61) 
-OO -OO 

where Pxxぇisthe joint p.d.f. 
Huston & Skopinski13) has assumed that the ratio of their two expected 
numbers is approximately equivalent to the probability in which the maximum 
values exceed a level y, i.e. E[M(y)/M(：一．oo)]::::= E[M(y))/ E[M(-oo)]. Under 
this邸 sumptionthe probability in whic.h the maximum positive values exceed 
a level y becomes 

Pp= 1-E[M(y)/M(-oo)] ~ 1-E[M(y)]/E[M(-oo)] (4.62) 

Then maxima p.d.f. is given by: 

砂＝―E[M[＿00)］[OO£pxxぇ(y,D,X)dる (4.63)

In the case that X(t) is the Gaussian process, Pp has already been obtained 
by Cartwright & Longuet-Higgins14). It can be prescribed by two parameters, 
i.e. spectrum band width parameter a11d variance. As well known, when the 
band width parameter is close to 1, i.e. wide banded process, Pp approaches the 
Gaussian p.d.f., and when the parameter close to 0, Pp approaches the Rayleigh 
p.d.f. 
But statistical characteristics and m,a.xima p.d.f. of nonlinear responses has 
not.been found out yet. So we must introduce some approximations to obtain 
Pp for the nonlinear response. 
For'this purpose the following assumpt、!onsare introduced. 

(1) Th e response is narrow banded, i.e. the negative maxima and positive 
minima are negligible. 

(2) Th e response is stationary. 

(3) The expected number of crossings at a speci:fied level with a positive gradient 
is equal to that of maxima over it, i.e. one-to-one correspondence between 
zero-upcrossings and maxima. 

Assumption (1) imposes considerable ]imitations to our objective. However 
the condition is usually satis:fied, except for fatigue analysis, because if the 
speci:fied level is sufficiently high, the ne:g試ivemaxima or positive minima that 
exist over this level are infrequent. In general, using these assumptions, the 
maxima (or minima) probability is overestimated as compared with exact one 
because the expected number of maxima over a sped:fied 1level is always greater 
than those crossing that level. Since statistical properties of the minima can be 
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obtained from those of the maxima, by means of a variable transform, only the 
maxima will be considered in the following analysis. 
Using the above assumptions, then 

M(y):幻炉(y) (4.64) 

where N+ is a random number crossing a specified level y at positive gradient 
and its expectation per unit time is given by: 

1, OO 
E[N+(y)] = ½ £:lxlPxx(Y,x)d出 (4.65) 

level ー・Thus a p.d.f. for an event where the IJnaxima are greater than a level y + X is 
given by: 

Pp('fl） ＝ --｛--
d r J; Pxx(Y + X,と）xdx
dy J。戸Pxx(了，と）xdx ｝ (4.66) 

where p xx is a joint probability density function of the response X and its time 
derivative X. 
In this way, under narrow band w繁s111mptionthe problem obtaining the max-
ima p.d.f. of nonlinear response can he transformed to the problem obtaining 
the joint p.d.f. Pxx・

i) Series approximate solutio:n (.）・

Obviously if instantaneous p.d.f.'s can be expanded into useful series represen-
tations, one would expect that similar useful generalized expansions would also 
exist for higher dimension p.d.f.'s. 
A particularly useful expansion for our purpose was introduced by the autors6>. 
The following development closely foUows their original works. 
Let p（x1,:砂）bea joint p.d.f. for the variables x1 and 呪!• The corresponding 
instantaneous p.d.f.'s are then 

氾）＝／p(x心）dx2

(4.67) 

P2（砂）＝／p(x心）dx1

Using the instantaneous p.d.f.'s as weiighting functions, we can construct two 
sets of orthonormal polynomials { Aい（叫｝ and｛知（吟）｝ fromthe integral 
relation 

j氾）ふ屯）A1ふ）d工1= 6m” 
(4.68) 

J四(x2)A2m(X'2)知（四）伍＝ 6m” 



If we邸 sumethat it is permissible to expand p(x1心2)in terms of those two 
sets of orthonormal functions, then 

p（ぉぃ叫＝Plい）P2包）E％”知（叫知（叫 （4.69) 
m,'ll, 

By employing Eq.(4.68) in Eq.(4.69), we c皿 evaluatethe expansion coefficients, 

amn = ff p(x1, X2）知（叫A2ふ）dx1dx2 (4. 70) 

If the matrix (amn) is diagonal, i.e. amn = an Omn, 

p(x1, x2) = Pl（叫P2（四）区a”年（叫知（四） （4.71) 
'I' 

This is equivalent to the Mercer expansion15) of the kernel function in the inte-
gral equation (see Appendix E). 
The validity of Eq.(4.71) can be illustrated as follows: 
Let p(x1, x2) be the joint Gaussian p.d.f. as 

2 I _2 

P（エぃx2)= 1 （町＋巧ー 2匹1x2)
exp{-

21ru2~ 2況(1-e2) 

with corresponding p.d.f. 

1 丑
p(x) =―9 

富び
exp(＿_＿ 
2び2） 

Using the Mehler's expansion16),given by 

1 ｛伯（叶十 x~)- 2匹 1四｝
exp[----

戸 2(1ー企）

00 
、Un

=区 -Hnい）H~（叫
n! 

n=O 

] 

｝ (4.72) 

(4.73) 

(4.74) 

where凡 (x)is the Hermite polynomials oil order n, and inserting Eq.(4.74) into 
(4.72),we get 

1 xf+x3 
00 

” x1 吟

.P（吐砂）＝戸exp{―⇒炉曰〉合凡(-;;）凡（ブ
n=O 

(4.75) 

Since the matrix amn in Eq.(4. 70) is not :tlways diagonal in general cases, the 
joint p.d.f. Pxx, the:first approximation of which is the joint Gaussian p.d.f., 
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may be expressed as: 

Pxx(x，出）
1 _____ r (x-X)2 炉= ------------exp{----

釦 x9x ｝ 2(J't 2(J'; 
x-X, __, x 

x区bmn.J比(---）H”(-）
m,” ox.  9x 

(4.76) 

ー・where X is the mean of X and bm露 is:a function of the higher moments of X 
and X. 
Vinje17) h四 foundthe. sa.:me equatfon四 (4.76)by using the Taylor expan-
sion of cumulants. Hineno18) and Dafaell19) extended the above method to the 
method obtaining three dimensional joint p.d.f.'s, i.e. p xxえ・

ii) Independence approximation （） 

Although X and X are not generally 1:nutually independent, let their indepen-
一・dence be邸 sumed.Then a p.d.f. of ma：出mathat are greater than y+X is given 

by: 

Pp(Y) = d r'x(Y十X)--｛一— },y 2:: 0 
dy px(X) 

(4.77) 

This means that the maxima p.d.f. earn be represented in terms of the derivative 
of the p.d.f. of the instantaneous response. 

4.1.3 1/n th highest mean amplitude and extreme value 

From the maxima p.d.f., 1/n th highest mean value can be represented as: 
00 

応＝／ア、1.zpp(x)dz
” 

1/n = l ・-Pp(Xi。)
where Pp is the peak probability distribution function. 

(4. 78) 

(4.79) 

An extreme value will be derived by applying the order statistics. The 
extreme value is defined here as the largest maxima that occur in N observations. 
Let ('T/1,'T/2，・・・渭N)be an ordered sample of size N, where'TJi have the same 
p.d.f. given by Eq.(4.66). If'TJi is recorded as rJi,叩，・・・，'TJN,'TJican be regarded 
as the output of an independent random variable Zi, Thus the random variable 
ZN, which is the largest'TJN in the ordered sample, has the following p.d.f.: 

f(zN; N) = Npp(ZN)[1 -Pp(ZN)]N-l 

Then the estimation of an extreme response is obtained as: 
00 

E［硲］＝jz.j(Z;N)dZ 
゜

(4.80) 

(4.81) 



Approximation based on Poissoltl distribution law 

Naess5> has introduced an alternative approximation based on Poisson distribu-
tion law to obtain the extreme statistics. His approximation is as follows: 
The statistics of high level excursions :a.nd extreme values of the total second 
order response are largely determined by the mean upcrossing frequency 11 i = 
E[N+(z)] for large z. If extreme values are associated with very high levels and 
upcrossings of such levels are rare eve](lts, then the probability such that the 
extreme values, i.e. Z(T) = max{X(t) : :T ~ t ~ O}, is less than any level z is 
given by: 

Pro心(T)~ z} = exp(-v!T) as z→ oo(4.82) 
where Tis an observation time. This leaids to the assumption that these upcross-
ings are statistically independent, which, in term implies the Poisson probability 
law. Except in the case of narrow banded process, this would be a reasonable 
approximation. Now considering the ex;pected value as a statistical measure of 
the extreme value, its expectation is giveirt as: 

oo 

瞑 (T)]= 100 zdPz(z) 
゜

(4.83) 

where Pz(z) = Prob位(T)::; z }. 
Since the number of observations N c:a.n be replaced by N = 11訂T,we get: 

log[(l -Pp(z))N] = Nlog(l 呟T
N ） 

＝ー呟T+O(
呟T
N 
） (4.84) 

This implies that (1 -Pp)N approacheSi exp（ー呟T)邸 N → oo. That is, 
Eq.(4.81) tends to Eq.(4.83) when N → oo. Thus it is expected that both 
Eq.(4.81) and Eq.(4.83) lead to a same extreme value estimate for a large N. 

4.2 N umerical Examples 

From this point forward it will be assun1.ed that the rapidly varying part of the 
pure second order response is negligible. In this case, the Naess'method does 
then yield a complete analytical solution for the pure second order response, 
but it can not be applied to the problerr1. of obtaining the total second order 
response p.d.f. unless the linear respona;e is negligibly small. Unfortunately an 
exact closed forni or numerical solution for this case has not yet been found. 
The direct approach to the problem by approximating the p.d.f. using a power 
series would. probably theoretically worlk, but the effort involved is considered 
too great. The logical and most conservative approach is to attempt to utilize 
only a few terms of series expansion. l~xperience dictates that an important 
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step in series solution techniques lies fa the choice of an expansion function 
which closely represents the desired nonUnearity characteristics with a minimum 
number of terms. The present method,, "new approximate theory " is a series 
expansion approach that approximates the'total second order response p.d.f. by 
three terms of the generalized Laguerreexpansion. This method also gives an 
approximate solution for the pure second order response. So exactly speaking, 
the method is a third order approxima~lion because the first, second, and third 
order statistical. moments completely :agree with the exact ones. Additionally a 
convolution integral has to be conducted in the present method which is not the 
case for the exact Naess'solution. Thus ilt should not be inferred that the present 
method is more efficient tli.an the exact Naess'solution. The present method 
will however be effective in evaluating the _effect of the statistical interference 
between first and second order responses for the extreme response. 

(1) Investigation to the pure seco11Ld order forces and responses 

In this section, the present method wiU be compared to the exact Naess'solution 
for pure second order forces and sway 1motion responses in order to show that 
the present method is an accurate enough approximation. The moored :floating 
structures that will be used for compa.risons are two dimensional, lie in the 
horizontal plane, and have linear restoring forces. The half submerged circular 
structure has a diameter of 20m, and tbe half submerged rectangular structure 
h邸 beamto draft ratio of 2. The prindpal dimensions are given in Table 4.1. 
In order to compare the present method for pure. second order forces with the 

f Naess'method, the quadratic transfer fonction G~(w1, -w2) of slow drift forces 
is required. Thus the same numericall estimates used by Naess were utilized ( 
Faltinsen and L¢ken20)). 

Tables 4.2 and 4.3 indicate the numerical estimates of the quadratic transfer 
functions that were obtained by Faltinsen and L¢ken. To specify the sea state 
an International Ship Structure Congr1ess (ISSC) spectrum with a significant 
wave height H, = 2m and an average period T1 = 5.5sec is used and is given 
by: 

173H•,2 
i, 691 

災(w) ＝布戸•exp(―志4) (4.85) 

Using this data as a basis, the eigenvalue problem was numerically solved by 
Naess5>. 

Figure 4.2 (a) compares the p.d.f. iDbtained from the present method and 
the exact one for the half circular strllldure, and Fig.4.2 (b) indicates the same 
comparison for the rectangular cylinder. The results of the present method 
closely agree with the exact ones except in the peaked area. The difference in 
the vicinity of the peak may be attributed to the difference between the exact 
higher order moments greater than the third order, and the ones obtained from 
the present method. 



A comparison of both methods for the pure second order motions will be 
presented next. ・ 
First consider the linear dynamic system邸

．． 
ふ＋2K-w0ふ＋ 1碕X2=

匹 (t)

M 
(4.86) 

where F<2>(t) is the slowly varying drifting force,ふ（t)the corresponding slow 
drift sway response, K. a relative damping coefficient, w0 the undamped natural 
frequency, and M the total m邸 sincludii[lg an added mass per unit length of the 

cylinders. Parameter values for K-, w0, and M are given in Table 4.1. The linear 
transfer function HL(w), which corresponds to equation (4.68), is given by: 

1 
HL(w) = ~ 

(w5 -,研)+2ifi,WoW 
(4.87) 

Thus, the quadratic transfer function of the slow drift sway response can be 
represented by: 

G2(w1, -w2) = ~: 
H恥玉）外(w1,-w2) 

M 
(4.88) 

The same input wave spectrum given iIIL Eq.(4.85) was used for calculating the 
eigenvalues for the sway response. Naess calculated only eight eigenvalues. This 
is equivalent to assuming that a randomt seastate has only eight frequency com-
ponents. This number is insufficient if a practical seastate situation is con-
sidered. Furthermore Naess'results appear to be too inaccurate to estimate 
eigenvalues for a lightly dan1ped oscilla.tor since the amplitude of HL changes 
suddenly at lw1 -w2I ~ wo, As a result11 the authors21) extended the quadratic 
transfer functions given in Tables 4.2 and 4.3 to higher dimensional matrices by 
interpolation, then solved the eigenvalllte problems, and investigated the rela-
tionship between the variances between the pure second order responses and the 
dimension of the quadratic transfer matrices. From this it was determined・ that 
the variances of pure second order respo1:1.se change largely with a decrease of the 

dimension, and that at least a dimension gTeater than 200 is required for getting 
stable variances. Thus based on the above determination 200 dimensions of the 
quadratic transfer matrices were used. 
Figures 4.3 (a), (b), (c) show respec;tively the p.d.f.'s of pure second order 
sway motion responses, their tail behavior, and their 1/n th highest mean val"Q.es 
for case 1 of Table 4.1. Figures 4.4 (a), (b), (c) show the same parameters for 

case 2, and Figs. 4.5 (a), (b), (c) case 3. These figures indicate that the p~d.f. 
叫 culatedby the present method is in good agreement with Naess'exact p.d.f. 

in contrast to the differences in the pure second order force responses of Fig.4.2 
which were discussed previously. There is however a noticeable difference in 
the tail 6f the p.d.f. shown in Figs. 4.3 (b), 4.4 (b), and 4.5 (b). The effect 
of this difference is small because the difference in the 1/n th highest mean 
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amplitude by the present method shown in Figs. 4.3 (c), 4.4 (c), and 4.5 (c) is 
only slightly lower than the exact one, i.e. a difference of less than 3%. This 
difference becomes small as the damping coefficient decreases, i.e. the difference 
between the Na.ess'and the present methods in Fig.4.3 (c) is smaller than 1%. 
Therefore it is considered from practical point of view that the present method 
is a good approximation with a high degree of accuracy. 
The difference between the p.d.f. of pure second order responses and the 
Gaussian p.d.f. with equal mean and variance will briefly be. discussed next. 
Before doing this it should be noted tha'tthe Rayleigh method in figures 4.3 (c), 
4.4 (c), and 4.5 (c) is an ~pproximation to predict the 1/n th highest mean am-
plitude under the邸 sumptionsthat responses are Gaussian and narrow banded, 
i.e. the maxima p.d.f. is a Rayleigh p.. d.f. When the damping coefficient K is 
significantly reduced to a value of 3 x 10-5, it can be seen by comparing Fig.4.3 
(a) to Figs.4.4 (a) and 4.5 (a) that the mean value, which is the mean drift 
displacement, is small. _Similarly the邸 ymmetryof the p.d.f. about the mean 
value is small, indicating that the pure second order response p.d.f. approaches 
the Gaussian p.d.f. However the di:fference becomes much more signific皿 tin 
the tail response as well as the 1/n th highest mean amplitude. This is邸
expected because the tail of the pure second order response p.d.f. behaves 
like O{exp(-x))(e.g. Eq.(4.14)), while that of a. Gaussian p.d.f. behaves like 
O(exp（一丑））． WhenK is increased there is an incre邸 ein the mean value and 
the邸 ymmetryof the p.d.f. around 1ihe mean value. Thus as the damping 
coefficient is increased there is a greater deviation between the p.d.f. of the 
pure second order response and the Gaussian p.d.f. This results in Gaussian 
approximation that will significantly underestimate high level excursions and 
ext:reme responses. The use 01 moored circular or rectangular structures shows 
no differences and thus do not influence this conclusion. 

(2) Statistical interference between first and second order responses 

In general the釦stand second order responses are not mutually independent so 
it is important to study the statistical :interference of both responses. Thus we 
shall consider the following system: 

..  
X+2バWoX+wiX=

(F(1)(t)＋F(2)（t)） 
M 

(4.89) 

where p(l) is a linear wave exciting ilorce, M = 3.21 x 105 kg/m, w0 =0~1 
rad/sec, and the damping coefficient "'being equal to 0.1,0.006, a.nd 0.0001. 
Calculations were conducted only for the half circular cylinder. The wave 
exciting forces were calculated b邸 edon two dimensional potential theory(see 
Table 4.4). The ratio of the standard deviation of the second order exciting 
force response to the:fi.rst order response ((12/ui) is 3.31 x 10-4, and the ratios 
for the sway motion response are 1.36,, 2.9, and 4.96 for "'=0.1, "1=0.006 and 
"1=0.0001, respectively. The numerical results are shown in Figs.4.6 through 



4.8, and are compared to the Gaussian p.d.f. and the p.d.f. for pure second 
order responses. B邸 edon these figures, it was determined that the p.d.f. of 
the total second order response was widely distributed, while that of the pure 
second ord_er response was narrowly distributed, with the Gaus~ian p.d.f. being 
located between these two distributions. The width of the p.d.f. of the total 
second order response is strongly dependent on the damping coefficient. When 
the damping coefficient is decre邸 ed,the width of the p.d.f. of the total second 
order response becomes narrow and approaches that of the pure second order 
response. The difference between the p.d.f.'s. of the pure and total second order 
responses in the tail region may be caused by the following re邸 ons:

Since maximum double amplitudes of a pure first order response 
can possibly occur at the pure s.econd order response peaks, the 
probability density of the total second.order response incre邸 esas 
compared to the pure second order tail response. 

Furthermore it should be noted that the p.d.f. of total second order re-
sponse differs from the Gaussian p.d.f.. in the tail region even though both 
p.d.f.'s are, on the whole, in good agree:ment as the damping force decreases to 
zero. With respect to the 1/n th highest mean amplitude, the results shown 
in the total second order response are the largest of the three responses and 
significantly deviate from the well-known expected value that is estimated us-
ing the assumption that the peak p.d.f. is a Rayleigh p.d.f. when the damping 
coefficient is increased. Thus, if the p11rie second order approximation is used 
to predict the highest mean values of the total second order :responses or if the 
assumption that the peak p.d.f. is a Raiyleigh p.d.f. are applied, this will cause 
a large underestimation of high level excursions and extreme values. This fact 
was experimentally confirmed by the au.thors9>. 
The statistical interference between the first and second order responses can 
be significantly large邸 shownby the use of these examples, and so it must be 
taken into account for the motion prediction of moored vessels in random seas. 

(3) Relationship between the damping and restoring force coefficients 
and 1/10 th highest mean amplitude 

In this section the variation of the 1/101 th highest mea.1.1 amplitudes is investi-
gated following changes in damping andl restoring force coefficients. Fig.4.9 (a) 
shows the relationship between the dam,ping coefficient and the 1/10 th highest 
mean amplitude. In this figure all the li:nes approach the well -known expected 
value for the Rayleigh p.d.f. as the damping coefficient is decreased, but the re-
sults of the total second order response deviate considerably from the estimated 
one with an increase in the damping coefficient. 
The relation between the restoring force coefficient and the 1/10 th highest 
mean amplitude is shown in Fig.4.9 (b). In this figure the X axis indicates the 
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undam.ped natural frequency because the restoring force coefficient is propor-
tional to the square of the natural freqia.ency if the total mass is held constant. 
When the restoring force is increased the 1/10 th highest mean amplitude of the 
pure second order response・ approaches: the well-known expected value for the 
Rayleigh p.d.f., while the 1/10 th highest mean amplitude of the total second 
order response deviates from its expected value for Rayleigh p.d.f. by becoming 
larger. 

4.3 Comparisons between estimates and ex-
perimentai results 

In order to investigate the applicability of the present method・ to the me邸 ured
slow drift motion1 we shall compare the results estimated by the present method 
with the statistics obtained from the model test(see 3.4.1). 

(1) Instantaneous p.d.f. ・ 

First of all, we must solve the eigenvalue problem (4.5) for obtaining the in-
sta.nta.neous p.d.f. Utilizing the quadratic transf~r function with viscous effect 
shown in 3.4.5, the integral equation leads to the linear algebraic equations with 
512 dimensions since the lag number of the wave spectrum was 256. However 
if we adopt the slow drift approximation indicated by Naess, the integral equa-
tion generates a set of double eigenv叫ues.Thus the algebraic equations can 
be reduced to a set of 256 frequencies in the positive frequency range. In the 
256 frequencies we use only the 32 frequency components which are within a 
frequency range where the wave spectral densities are more than 10 % to the 
peak. 
Table 4.5 shows the examples of eigenvalues obtained by solving the 32 
dimensional algebraic equations. 
Comparisons between the statistical values estimated from the relation ( 
4.11) and the sample ones obtai~ed from the time average of the measured data 
are shown in Table 4.6, where 0i and. iii are para.meters of Gamma p.d.f. and 
"wave condition No." indicated in the 1:a.bles corresponds to the number shown 
in Table 3.3. From both tables it is seen that the estimated statistical values 
agree with the sample ones even though the number of eigenvalues used for 
calculation is a few. 
The instantaneous p.d.f.'s of slowly varying second order surge response are 
indicated in Figs.4.10 and 4.11. In th邸e:figures the solid line shows the line 
due to the present method, the d邸h-dottedline expresses the Gaussian distri-
bution function and the broken line the result of the third order Gram-Charlier 
expansion. The probability distribution is asymmetry with respect to the mean 
value even if the restoring force is linear, and it has the tendency that the tail 
spreads towards the direction drifted by waves. And the difference between the 



probability distribution due to the present method and th'e Gaussian distribu-
tion is certainly significant at the tail and the agreement of the present method 
and the third order Gram-Charlier seri邸 methodwith the observed histogram.s 
is still good. 

(2) Maxima p.d.f. 

For moorinQ'd ・br mooring design purpose, positive ma~xiima is the most important of all max-
ima. Figure 4.12 compares the observed positive maxima and the estimated 
maxima p.d.f.'s. The dash-dotted line is tJrn Rayleigh p.d.f., the solid line is the 
curve due to the present method, and t:he broken line is the result due to the 
third order Gram-Charlier series method, where an assumption of the indepen-
dence between the response process and its time derivative process was used for 
comparison. From this figure, it is found that the observed positive maxima 
histograms exponentially spread towards the tail and that the estimated p.dふ’s
due to the present method are in rough agreement with the observed ones. 

(3) Extreme response 

Comparisons between the extreme responses due to the present method and the 
maximum excursions in Np observations in the total measured data are shown 
in Figs.4.13 and 4.14. In these figures the dash-dotted line indicates the esti-
mation results by Longuet-Higgins'met]¥tod14), which uses the assumption that 
the maxima p.d.f. yields the Rayleigh・ p.dふ， andthe black circles represent the 
largest values in each observations of mtaxima in the long me邸 ureddata, the 
broken line is the result due to the thhd order Gram-Charlier series method, 
and the solid line is the estimate due totib.e present method. The extreme values 
are normalized by the standard deviation of the response. From these figures 
it is found that the results from the LoI1Lguet-Higgins'method significantly un-
derestimate the extreme values where邸 thosefrom the present method show 
fairly good agreement with the largest excursions in the me邸 ureddata, which 
are samples of the extreme values. 
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Chapter・ 5 

Conclusions 

This paper describes the researches about the slowly ・varying second order re-
sponse simulations of moored fl.oating s1;ructures in random seas and its stochas-
tic analysis. 

First, we reviewed the study on the slowly varying drift forces causing the 
slo?ly varyingresponse and discussed four problems excluded in the investi-
gations obtained up to now. As the ;most important problems in them, the 
following problems are treated in this, paper. 

a) Hydrodynamic forces of slow drift motion in still water are modified in waves. 

b) The Newman-Pinkster's approxim,at:ion for the slowly varying drift force does 
not satisfy the condition of physical causality. 

Second, it is shown that the total secoI1Ld order force including slow drift forces 
can be represented by a two term Volterra functional series. Physical meanings 
of the kernel functions in the functional series are investigated from a viewpoint 
of frequency response functions (or transfer functions) and a method estimating 
the kernel ones from experimental data is also studied, which is the method 
using the bispectrum (a kind of higher order spectra). Furthermore a new 
functional model such that the second term of the Volterra functional series can 
be represented by the equivalent linear process of instantaneous wave power is 
developed. The new function model i:s based。nthe Wiener filter theory. 
Several kinds of experiments have been carried out. Relation between the 
kernel function and the frequency response function of the slow drift force is 
investigated through comparisons between the experimetal results and numeri-
cal calculations. And the applicability of the newly developed functional model 
is studied by comparing between the experimental data and numerical simula-
tions. And the unsolved problems a)(i.e. how much the hydrodynamic forces 
in still water are modified in waves) and b) are investigated by using the new 
functional model. 



Finally, on the basis of the obtained results a theory of probability density 
functions(p.d.f.'s) is developed for an instantaneous total second order response 
and its maxima, in order to predict 1/n th highest mean amplitudes and ex-
treme responses. New formulas for the total second order p.d.f.'s which include 
not only quadratic but also linear responses are derived. These new p.dふ’s
can be represented by the generalized Laguerre polynomials of which the first 
term is a Gamma p.d.f. consisting of three parameters. Assuming that the 
response and its time derivative processes are mutually independent, the 1/n th 
highest mean amplitude can be evaluated numerically from the derivative of the 
instantaneous response p.d.f.. This method is first applied to the sway motion 
of moored:floating semi-circular and rectangular two dimensional cylinders, and 
the applicability of the method is studied by comparisons with Naess'exact so-
lu tion. The variation of the 1 /n th higlltest mean amplitude of the total second 
order response is then investigated follO!wing incre邸 esin damping and restoring 
forces. And comparisons between the experimental results and the calculated 
ones obtained from the present theory are carried out. The applicability of the 
present theory is confirmed. 
The summary of the results obtained in this paper are邸 follows:

(1) The total second order responses(forces and motions) can be represented by 

a two term Volterra functional series and the quadratic transfer function 
in the second term of the functional series physically. correspond to a 
frequency characteristic of the rnean and slowly varying drift responses. 
On the basis of the mathematical fact that by using the Wiener filter ・ 
theory, the second term of the Volterra functional series can be expressed 
by an equivalent linear process of instantaneous _wave power in stochastic 
sense, a new functional model is developed. This model can be used 
not only to simulate mean and slowly varying drift responses of moored 
:floating structures but also to solve the problems a) and b) mentioned 
previously. 

(2) The quadratic transfer function in'the Volterra functional series (or present 

functional model) can not only be estimated from the bispectral analysis• 
of experimental data, but also be calculated from pressure integrals over 
the instantaneous wetted surface of a:floating body within the potential 
theory. As to the quadratic transfer function, comparison between the 
result obtained through the cross bispectral analysis of experimental data 
and the numerical ones is conducted. As the result, it is• found that the 
num虹icalresult based on the potential theory is remarkably lower than 
the experimental ones and the dHrference of both results can be accounted 
for by viscous drift force, which occurs by the finiteness of incident wave 
amplitude and is proportional to the third power of wave amplitude. If 
the viscous drift force is taken into account to the quadratic transfer func-
tion obtained from numerical calc;ulations even though it is approximately 
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evaluated, the corrected numericil result is in good agreement with the 
experimental one. And the linear frequency response function can roughly 
be estimated from the ususal linea1: motion prediction method considering 
, the viscous damping force. But when the slow drift motion response is 
dominant compared with the line紅 motionresponse, the damping force 
at the slow drift motion increases by 1.6 times as large as one in'still water 
whereas the叫dedmass force at the slow drift motion becomes・ smaller 
than that in still water. It may lbe considered that for semi-submersibles 
this phenomenon is attributed to J(lot only the nonlinear coupled viscous 
dam.ping but also the wave drift d紅npingand others. 

(3) Comparisons between. the simulatedi results due to the present functional 
model and the experimental ones have been conducted in time domain, 
and it has confirmed that both results are in good agreement, however it 
remains unsolved how much and.,.,,hy the added mass and the damping 
forces in still water are modified in waves. 

(4) An approximate solution is presented for calculating the p.dふ's(instanta— 
neous p.d.f.皿 dmaxima p.d.f.) of total second order responses including 
:6.rst order as well as second order :motions. It is con:6.rmed through com-
pa.risons with Na.ess'exact,solution that the present method is an accurate 
approximation for pure second order forces and responses. 

(5) Using the present method, an investigation to determine the statistical in-
terference between the:first and second order responses was conducted for 
a system with a linear damping and a linear restoring forces. The p.d.f. 
of the total second order response differs from that of the pure second 
order response. In fact it becomes a widely-banded distribution with an 
increase in the damping coefficient. Additionally it signi:6.can tly deviates 
from the Gaussian p.d.f.. 

(6) The 1/10 th highest mean amplitude of the total second order response is 
greater than that obtained using the pure second order approximation or 
by using the conventional method which is estimated under the assumption 
that the peak p.d.f. is a Rayleigh p.d.f.. Thus the statistical interference 
between the:first order and second order responses must be taken into 
account for prediction of extreme responses and high level excursions. 
The statistical interference changes with variations in the damping and 
restoring forces. 

(7) As to the extreme response, comp紅 isonbetween the result obtained from 
the present method and one from the model test during long duration 
h邸 beencarried out. It is confirmed that the usual prediction method 
b邸 edon the Longuet-Higgins'method signi:6.cantly underestimates the 
me邸 uredresults while the present :method estimates them very well. And 



it is shown that the extreme respoirtse of the total second order response 
is greater than that based on the assumption of the pure second order 
response. 

Moreover, some subjects excluded in this paper, for example, mooring forces, 
comparisons between estimated results a11d at-sea experimental results etc., are 
going to be completed in future. 
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