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Appendix F 

s·tatistic•aI ・moments of 
total second. order response 

The total second order response can be represented in the following two forms: 

X(t) =［の(r)((t-r)d→ I Iぬ(-r臼）((t-咄（t-乃）d叫
Tl JT2 

(F.1) 

or 
00 

＝I:(c,＋入、既）W、
i=1 

(F.2) 

From Eq.(F.2) the expected values up to third order are given as follows: 

E[X) ＝区誼[Wl]＋Lc,E[~] ・ (F.3) 

E[X町＝区ciCiE[W叫］＋区凸E[WiWl] (F.4) 

E[X3) ＝こ如四E[W,W;W1]＋区c心cKE[Wiw]WK]

＋こ岳c1E[WlW;W1)+区入山cKE[WfW紐な］

＋こばiふE[W叫 W月＋区叫内E[W吊四Wf]

＋こふc占 E[WfW；W月＋こ入入山E[WfWfW月 （F.5) 

Since Wi (i = 1,..., oo) are the standard Gaussian variables with mutual inde-
pendence, the following relations 7) are satisfied: 

E[Wi] 

E[W川ケ］

=O 

= 6ij 
(F.6) 

(F.7) 



E[WiW;W1c] 

E[Wi閉WkWl]

E[Wi閉W況 Wm]

E[Wi閉W1cW1匹 Wn]

=O 

＝妬如十6ik6il+ 6il如

=O 

= 6ii6kl6m”+ 6ij6km妬＋妬6k”6Im
十6ik6il6m” 十紐6im妬＋紐妬6Im

+.6il紐6m"＋ 6il6im6k”+ 6il炉6km

+6im紐妬＋6im6il6k”+ 6im如6kl

＋如紐6lm＋如6il6圧＋如6im6kl

(F.8) 

(F.9) 

(F.10) 

for i,j,k,1,m,n = 1,··•,oo (F.11) 

where妬 isthe Kronecker delta. 
Using the above relations, the mean value X or E[X], the variance咋 or
Var[X], and the skewness (✓/町） are obtained as 

X =E(X]＝こふ (F.12) 

咋 ＝Var[X] = E[X平炉＝ I:ct+ 2区昇 （F.13) 

犀吐＝E[X3]-3E［炉］E(X]+ 2(E[X])3 :::: 8 L村＋6区c訊
(F.14) 

While from恥．（F.1)the expected values are written四：

E[X] = Iゎj蝉（→）R¢(T2-Tl)(F.15)  
E(X可 ＝い！螂（r1)g1（乃）＆（乃一巧）

+Jゎ・・・I蜘 (r1,囁 (r3,r4)
x(Rく（乃一町）R＜伍ー叫＋＆（乃ーT3)&（町一r4)

+＆（T2 -T4)Rく伍ー乃）］

E[X汀＝Jdr1 ・••J崎（→）の（乃）g1伍）
x[6R<(r; -r1)R<(r1 -r4) + 3R＜伍ー町）＆（74-73)] 

+[j d71 j蝉 (T臼）＆（72-71)]3 

+jわ・.• J蜘（和囁(73,囁（知叫
x[6Rく伍— 71)R<(76 --73)R＜伍ー74)

+8Rc (73 -71)＆（冗一乃）＆（T6-T4)］ 

(F.16) 

(F.17) 
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Transforming Eqs.(F.15), (F.16) and (F.17) to frequency domain we get: 

X = j dwG2(w, -w)S<(w). (F.18) 

9灸＝／dwl伍(w)|2S<(w)

+jdw1/dw砂 (w1心）I淡（憂（ウ） （F.19) 

叫 ＝6に／dw2伍（一叱）伍（ゥ）の(w1心）S心）坂(w2)

+8 / dw1 j dw2 j dw3伍(w心）G；(W2心）の(w3,-w1) 
X坂(w1)坂(w2)坂(w3) (F.20) 

where* denotes the complex conjugate. 

Cross and Auto spectra 

Take the cross correlation function between the nonlinear response process X(t) 
and the Gaussian wave process ((t) as follows: 

E[(X(t) -X)((t --r)] ＝／わ如）E[((t--r1)((t...,. -r)] 

+ j dr1 j蝉（-r1,-r2)E［く（t-巧）z(t-咄 (t--r)) 

-XE[((t --r)) (F.21) 

Since the wave process is defined to be zero-mean, the last two terms are zero. 
Thus: 

E[(X(t) -X)((t -r)]＝／虹（巧）E[((t呵）（（t-r1)] (F.22) 

This means that the cross spectrum involves only the first term in the func-
tional series (F.1), and thus that the linear transfer function G1 is derivable by 
standard cross spectrum technique by Fourier transform. Denoting the cross 
spectrum as Sx<(w); then we get 

知 (w)＝伍(w)・ S<(w) 

Next, taking the auto correlation function of X(t): 

E[(X(t) -X)(X(t + r) -X)] 

= J dr1 J蜘（囁（叫E[((t-rぷ（t+r-叫］

(F.23) 



+ jわ・ •.j細(m囁(r3,r4) 
xE[((t -r1)く(t-r2)((t + r -r3)((t + r -r4)] 

ー炉 (F.24) 

and using the factorization relation 7) for higher order moments of Gaussian 
processes a.s: 

E[Xふ Xふ］＝E[Xふ］E[Xふ］＋E[Xふ］E[Xふ］＋E[Xふ］E[Xふ］
(F.25) 

we obtain 

Rxx(r) =／ゎ／蜘(n)g心）＆（T＋T1一乃）
＋ ／わ・.・ I伍 g恥，囁（巧心）
x[R<(r十巧ーT3)＆（T十乃ーr4)

+R<(r十町一r4)R<(r+ r2ー叫］ （F.26) 

The au to power spectrum is the Fourier transform of Rx x and is computed 
from the Wiener-Khintchine relations as 

Sx(w) = IG1(w)I啜(w)+ 2 / dv|の(w-v, v)I梵(w-V)妥(v) (F.27) 
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û’’ 

器」
n
s

゜

＾ 
,t/.00 o

o
)
 

．． 。
れ

Ce
 

•
K
o
o

に

!
d
 

2
 
2
 

ー

'
,
'
l
'

．f
.
|＇’

屑

C
2
 。

• 
。

＞
 

膚

g

゜

＼
 
＼
 贔

9

ー

。
h

。

し

'

ー

―

-
1

サ孔

。

。

1
1
 

a
 

＼
 ＞

16 

喩
・

。。glo 

鳥
ー

1
W
'

油

¥

"

｀

ー

ー

1

,

0

ー

翡

。
響

温
o
l
 

O

I

 

り
゜

Jー狐
F

1

0

＞
 

K
O
 し

。

ー

。

J
’
Fー＇
晶炉

eo

り

。

h

>

t

o
 

d
仙

’

'

d

討
F

,

6
即粋J
 

咄
刈

L
出↑且―’枷

A
 
c
幽
T

20.00 “°•OO 

g. p 
d) 
よ

g 
コ ~g
の： i

g I I I I I I I I I V 

':ti.oo - 20:00 ・ ~o:oo ・ eo:oo ・ ~o:oo 

a
 。．
 

O
L
 
•t 

0£ •o10"·f û’’ 
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