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Second-Order Wave Diffraction by an Axisymmetric Body 

Bin Teng* and Shunji Kato** 

Abstract 

The main difficulty in calculation of third order force is its forcing on the free surface which includes 

second order potential and its spacial derivatives. Second order potential also obeys an inhomogeneous free-

surface boundary condition, and its calculation needs to do an integration on the whole free surface. For third 

order calculation, its forcing term is needed on a big area on the free surface, and individual calculation of the 

second order potential at each point in the area is evidently no1t economic. 

This report provides a detailed analysis for the second order diffraction of monochromatic waves by an 

axisymmetric body in finite water. For wave diffraction from a. body of revolution with vertical axis, the report 

derives a new integral equation, which can cancel the leading singularity in the derivative of ring Green's 

functions automatically. For the second order potential, the report proposes a forward prediction method to 

calculate the integration on the free surface. By this method we only need to compute the infinite integration 

on the free surface directly for a few of points; then an one-step quadrature is applied successively outward 

from the body for potentials at other points. To get accurate results, different approaches are also used to deal 

with singularities in the ring Green's functions in the integration both on the body surface and free surface. 

The method has been implemented for body of revolution with vertical axes, but the theory is also available for 

arbitrary bodies. 

Numerical examination is also made to validate the numerical code by comparing second order force and 

moment on uniform and truncated cylinders and second ordler diffraction potential on the free surface with 

some published results. The comparison shows that the present results have a good agreement with those 

results. At last, the method is used to compute the second order wave elevation around uniform and truncated 

cylinders. 
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1魯

It was observed in model tests and prototype experiments that tension leg platforms (TLPs) and gravity 

based structures (GBS) experience sudden bursts of highly amplified resonant activities during storms. This 

phenomenon is called as the'ringing'. The ringing phenomenon will induce extreme stress in tethers of TLP, 

and even induces tethers breaking. It was found that ringing occurs at low frequency non-breaking waves and 

ringing periods are about 3-5 times of the period of the corresponding incident waves. This means that third 

order force is an exciting source for ringing and its calculation will be significant in predicting ringing 

phenomenon. 

Nonlinear problems are characterized by forcing term in their boundary conditions. For the second order 

potential, the forcing term on the free surface only includes first order potentials, which can be represented by 

some simple ways. However, the third order forcing term on the free surface includes both first and second 

order potentials. The difficulty in calculating third order forcing term is the complexity and time-consuming in 

the calculation of second order potential, which is needed on 1the whole free surface or a big area. Usually, an 

integral equation method is used to compute the second order velocity potential, in which integrations have to 

be carried out on both body and free surfaces. 

To get rid of the potential at the considering order from the integration on the free surface and the sea bed, 

an oscillating source with corresponding frequency is usually applied as the Green's function. The basic 

representation of the Green's function is written in a function of the Bessel釦nctionof the first kind of zero 

order. Kriebel (1990) used this representation in calculation of second wave elevation around a uniform 

cylinder. A且erusing Graf's addition theorem to represent the Bessel function by the radii of source and field 

points in a polar coordinate system located at origin of the cylinder, we can get an unanimous representation 

with multiplications of functions of the radii of field and source points, no matter the radius of field point is 

larger than the one of source point or not. Thus, we can integrate the forcing term on the free surface with the 

functions only relative to the radius of field point to get a wave number spectrum. Then, second order potential 

can be represented by the wave number spectrum in an explicit form. To calculate the third order forcing term 

on the free surface, Teng and Kato (1996) tried to use this method to compute second order diffraction 

potential from an邸 isymmetricbody. They found that the wave number spectrum goes to infinite at a wave 

number of twice of incident wave number when water depth is not infinity,. The reason is that there is a 

component with twice of incident wave number in the second order forcing term on the free surface, which is 

called as the'locked wave'by Molin(1979). Multiplication of the second order forcing term with Bessel 

functions at that wave number will give constant contribution with the increase of distance. Applied some 

techniques to deal with the infinity, Teng and Kato (1996) found that it is still hard to get a good agreement 

with Eatock Taylor and Hung's (1987) on the second order forces on uniform cylinders. The reason is that the 

wave number spectrum from this method converges slowly at high wave number, especially its derivatives. 

To compute second order potential and forces, Hunt and Baddour (1981) and Hunt and Williams (1982) 

applied Weber transformation method, which is similar as the method by applying the above mentioned 

Green's function. Later, it was found that their results are not reliable. It has lbeen doubted that their velocity 

potential is incomplete. Recently, Newman (1996) studied the problem again by the same method. For second 
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order potential on body surface of a uniform cylinder, he used Wronskians and transformation of integration 

contour to overcome the num1erical inef:ficiency. Then, he managed to get a good agreement with Eatock 

Taylor and Hung's on second order forces. 

Another representation of Green's functiion is of the modified Bessel functions, which is gotten by 

transformation of integrating contour. The Green's function in this form converges quickly, but the problem is 

that it has different de:finitions when radius of source point is larger than the one of:field point or vice versa. 

For computing the second order force on bodies, this representation does not give too much troubles. 

However, for second order potential on the free surface, the integration domain on the free surface has to be 

separated into two different ranges according to the radius of source point. Thus, the second order diffraction 

potentials at different positions can not be represented by an explicit representation. Chau and Eatock Taylor 

(1992) used a similar Green's function, which also satis:fies the body surface condition, and developed a semi-

analytic solution for uniform cylinder. They used this method to compute second order wave elevation in the 

near:field surrounding the cylinder. Huang and Eatock Taylor (1996) even developed a semi-analytic solution 

for truncated cylinders. For third order calculatilon, second order potential is needed on the whole free surface 

or in a very big domain. Calculation by this method directly seems very expansive, as an infinite integration 

has to be carried out for each ]Point. Malenica皿dMolin (1995) made some improvement on this method in 

their third order calculation. They applied a forward moving approach to predict the integration associated 

with Hankel function from smaller radius to bigger one step by step. But for the parts associated with an 

infinite summation of the modified Bessel functilons, they still used the direct integration method as Chau and 

Eatock Taylor did. 

The present work proposes an one-step forward prediction method for calculating the terms associated with 

modified Bessel functions. Special concerns are also paid on the treatment for the logarithmic singularity in 

the ring Green's functions. By this approach, the second order potential can be calculated much more 

efficiently in a big area, like to form the forcing term for third order problem. The method has been 

implemented for axisymmetric bodies, and no dif:ficulty has been found for extending it to arbitrary bodies, 

likeTLPs. 

2魯 FreeSurface 

We define a right-handed coordinate system (x, y, z), with origin at the center of the body, z=O on the still 

free surface and the z-axis pointing upward (see Figure 1). The fluid is assumed to be homogenous and 

incompressible, and irrotational. There exists a velocity potential that satisfies the Laplace equation and the 

nonlinear free-surface boundary condition on 

+g 
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Figure 1. Definition sketch 

Under the assumption of weak non-linearity, we can write the wave velocity potential as a perturbation 

series with respect to wave slope parameter c: =kA 

= e (£)(1) + e2 4><2) + e3 4≫(3) +... 
(3) 

We assume that the incident monochromatic waves have an incident freq1L1ency w. To solve the ringing 

phenomena, the first, second and third order harmonic potentials with the frequencies of皿＝叫如＝2wand 

如＝3w are only considered. We separate the time dependencies explicitly, and write potentials at each order of 

c: as 

砂 (x,y,z,t)=Re［紗（x,y,z)e―iojt]
(4) 

A且erexpanding eq. (1) into a perturbation series and collecting terms at the same order of c, we can write 

the free surface conditions for the velocity potentials at each order of c as 

V ;<f>U)＋刹＝qU) on z=O 
(5) 

where 

2 
vi=wjlg 
J 

(6) 

and the forcing terms at each order of c 

(5) 
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It can be seen that the third order forcing term includes both first and second order potential. 

3鬱 Equation 

(7) 

For convenience in numerical calculation, we separate velocity potential into incident and diffraction 

potentials 

砂＝釦＇＋
(8) 

By applying an oscillating source with frequency① j as the Green's function, we can obtain an integral equation 

for jth order diffraction potential as 

V) aG(x;X。;W;)
“%（x0-ff-—一蟷(x)ds

SB 
an (9) 

蟷=ff G(x;l;い一ds-J J G(x;x。;0j)q魯
SB 

枷
SF 

where Ss and SF denote the body and free surface, and q砂 isthe difference between the total forcing term and 

the forcing one for incident waves 

"） 0) - (J） qD =q qI 
(10) 

The positive direction of the normal to the body surface is de:fined as being out of the fluid. To weaken the 

singularity in the integration of derivative of the Green's function, we add another equation obtained inside the 

body(Eatock Taylor and Chau, 1992, and Teng and Eatock Taylor, 1995) and get a new equation as 

(6) 
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(1-v』fGds)小麿(X。)＋ff-aG 
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ds 

(11) 

=ffa立 ds-ff疇
SB 
an 

SF 

where Sw is the inner free surface. For axisymmetric body, we expand the velocity potential and the Green's 

function into series 

゜翡（x0)=E 
m=O 
00 

心＝:Eem Gm(r,z; 7i。,.zo)cosm(8-・8。)
m=O 

cosm6。 ゜翡(x)= Ee”中如r)cosm8
m=01 

(12) 

where E m is the coef:fident of Neumann's polynomial(=l when m=O, 2 when m>O), e.g. see Watson,1966. Then, 

the integral equation for the mth mode in azimuthal angle 0 of jth order potential can be obtained as 

己 -vdG,。rdr]砒(r。)-J［竺 0） ＿竺
2冗

に (r。) 訊砥(r)]rdl 
和む

函 an

咄゜
=[G“言 rdl+f Gmq盆(r)
rB a 

where I's and I'ware the traces of Ss and Sw (see Figure 2), and the ring Green's function Gm is 

(13) 
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Figure 2. Integrating contour for axisymmetric body 

(7) 



i 
G箪 =--C。凡(kir>)Jm(kir<)~。（Kjz)Z。(Kj%）
2 
1 ° 
--E Cn 凡(~加r>)~算(~加た）Z真(K;nz)Z"（りふ）
冗謂＝1

ki and K jn are defined by dispersion equations of 

where r>>r< 

J 
v.=ktanh(Kd) 
J J 

vj=-Kjntg(Kj羅d)

where dis the water depth. The eigenfunctions in z-direction are defined by 

and the factor Co and Cn are 

coshk.(z+の
Z。（年）＝ l -

cos砒d
J 

゜

， 

C。=［2J盆(kiz)と］I-1,
-d 
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゜

COSK_;n(Z叫

COSK.d ， 

= [2 J z;(Kjnz)dz]-1 
-d 

(14) 

(15) 

(16) 

(17) 

The ring-source potential and its derivative have been investigated by a number of researchers(Fenton, 

1978; Hulme, 1983; Kim and Yue, 1989). It was found that the ring sources at each mode have the same 

logarithmic singularity when field point is close to the source point; and the leading singularities in their 

derivatives have the same form as the reverse of the distance between field point and source point. Thus, the 

leading term of singularity in equation (13) can be canceled each other. Other weak singularities are dealt with 

by suitable coordinate transformation(Telles, 1987). 

For the second order potential, if the minimum radius of free surface is larger than or equal to the 

m邸 imumradius of the body (otherwise, we should divide the free surface into different ranges), the integral 

on the free surface can be written as 

oo 

IAr。,0。,z。:)＝―frdrE 
m.=0 

a 

(2) 
e”qD靡(r)cosm6。

i冗゜
[-C。Hm（ちち）J“(K2rJZ。（ち％）＋ :Ee籠Km(~汎ち）lm(Knr<)ZnCK,,z0)]
2 n=1 

where IC n= IC 2n for brevity. By defining 

i冗 (2)
＝了［年(r)

a 

Slmn(a) = f (2) qD躙(r)
a 

we can write the above integral equation as 

(8) 

(18) 

(19) 
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0。,zo) ＝— Eem[C。S1mo(：a)J”（均r0Z。（ち％）
m=O 
09 

＋ 

n=l 
cosm8。

(20) 

Thus, for the second order potential on the body surface, integration on the free surface is only needed to run 

once. 

The infinite integration of S1mn仇＞0)converges quickly vvith the increase of the integration range as the 

modi:fied Bessel function Km decays at an exponential rate. However, the infinite integration of Simo is oscillating 

and converges slowly with the increase of integrating distance. A method widely used for its calculation is to 

divide the integration range into two parts. In the inner domain, a direct quadrature is used, and in the outer 

domain an analytic method is used to integrate it to infinity, after some asymptotic approximations have been 

used for Hankel functions. 

4. Second Order Potential on Free Surface 

For the second order potential at a point not close to the body, the following integral equation can be used to 

compute second order potential directly 

贔。，0)-J f ~ ct,g>(x,z)ds= f J a砕（平）-/ I 7 ct,;'(x,z)ds = I I G an ds-f f Gq『
S1J SB 

an 
SF 

(21) 

For axisymmetric body, the integral equation for mth mode ~Tith respect to azimuthal angle e can be written 
as 

l (2) aG 
-中Dm(r。,0)=［一竺砒(r,z)rdl + f Gm~ 

袖lm(r,z)

2冗 m 初an 
rB rB 

oo 

-f屯q盆
a 

However, when the computed point is close to the body surface, there are some quasi-singularities in the body 

integration. Direct use of the above integral equation will not give accurate results. For weakening the quasi-

singularities, we add another integral equation 

to the above equation, where 

-v2f f G(x,~。)必％（が）＋ff
Sw SB 

x* =acos0 
0' 

8G(x,X。)

み
紺(x*)ds=0 

X。=r。cos8。

is the closest point to the computed point on the water line. It yields a new integral equation 

(23) 

(24) 

(9) 
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We expand the potentials into series 

00 

鉗(X。)＝ Eem中盟(r。)cosme。'
m=O 

(2) 
＝し e』》Dm(a)cosm6。'
m=O 

Then, another integral equation can be obtained for the皿hmode of second order potential as 

8G。(2) aGm (2) 
上磁(r。)＝V2[G。rdr磁(a)-J［一 ーーに(r)]rdl 
2冗
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This equation will weaken the leading term of quasi-singularity, and the other quasi-singularities will still be 

dealt with by coordinate transformation. 

5。NumericalImplementation 

For second order potential on the body surface and in the fluid domain, two integrations have to be carried 

out both on body surface and free surface when an integral equation method is used. Direct calculation of 

those integrations is very expansive when second order potential is needed in a big area, like to form the third 

order forcing term on the free surface. Thus, some techniques have to be applied to aim at a speedup of the 

calculation. Besides the inefficiency in calculation of the integration on the free surface, the singularity in the 

ring Green's function has to be dealt with careJfully. The ring Green's function is represented by an infinite 

summation of modified Bessel functions, and sitnple truncation will induce great inaccuracy when field point 

approaches to the source point To calculated those integration accurately, some special approaches are used. 

ふ1The inte宮ationon the free surface 

Substituting the ring Green's function into the above integration, the integration on the free surface can be 

written as 

゜
似 r。,0。,0)= --},.rdrqは(r)［はC。凡(KいJm（弘） (28) 
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